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Abstract

We consider the Global Minimum Vertex-Cut problem: given an
undirected vertex-weighted graph G, compute a minimum-weight
subset of its vertices whose removal disconnects G. The problem is
closely related to Global Minimum Edge-Cut, where the weights are
on the graph edges instead of vertices, and the goal is to compute a
minimum-weight subset of edges whose removal disconnects the
graph. Global Minimum Cut is one of the most basic and exten-
sively studied problems in combinatorial optimization and graph
theory. While an almost-linear time algorithm was known for the
edge version of the problem for awhile (Karger, STOC 1996 and J.
ACM 2000), the fastest previous algorithm for the vertex version
(Henzinger, Rao and Gabow, FOCS 1996 and J. Algorithms 2000)
achieves a running time of O(mn), where m and n denote the num-
ber of edges and vertices in the input graph, respectively. For the
special case of unit vertex weights, this bound was broken only re-
cently (Li et al., STOC 2021); their result, combined with the recent
breakthrough almost-linear time algorithm for Maximum s-t Flow
(Chen et al., FOCS 2022, van den Brand et al., FOCS 2023), yields
an almost-linear time algorithm for Global Minimum Vertex-Cut
with unit vertex weights.

In this paper we break the 28 years old bound of Henzinger et al.
for the general weighted Global Minimum Vertex-Cut, by provid-
ing a randomized algorithm for the problem with running time
O(min{mno'”“’(l), m1.5+o(1) })
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1 Introduction

We consider the Global Minimum Vertex-Cut problem: given an
undirected n-vertex and m-edge graph G = (V, E) with integral
weights 0 < w(v) < W on its vertices v € V, compute a subset
S C V of vertices, such that the graph G \ S is not connected. A
closely related and extensively studied problem is Global Minimum
Edge-Cut: here, the input graph has weights on its edges instead
of vertices, and the goal is to compute a minimum-weight subset
of edges, whose removal disconnects the graph. The Global Mini-
mum Cut problem is among the most fundamental and extensively
studied in computer science, with algorithms dating back to the
1960’s [18, 33, 40, 46]. The famous edge contraction-based algo-
rithm of Karger and Stein [31] for the edge version of the problem
is one of the gems of Theoretical Computer Science and is routinely
taught in basic Algorithms classes. The notion of a Global Mini-
mum Cut is closely related to the central Graph-Theoretic notions
of edge- and vertex-connectivity. The edge-connectivity of a graph
G is the smallest value A, such that, for every pair u, v of vertices of
G, there is a collection A of edge-disjoint paths connecting u to v.
Vertex-connectivity is defined similarly, except that the paths are re-
quired to be internally vertex-disjoint. By Menger’s Theorem [41],
if G is a graph with unit vertex weights, then the value of the
Global Minimum Vertex-Cut in G is equal to its vertex-connectivity.
One can naturally extend the notion of vertex-connectivity to the
vertex-weighted setting, where a collection of A internally disjoint
u-v paths is replaced with a u-o flow of value A, that obeys the
vertex capacities defined by their weights. Similarly, the value of
the Global Minimum Edge-Cut in a graph with unit edge weights is
equal to its edge-connectivity, and the value of the Global Minimum
Edge-Cut in a graph with arbitrary edge weights can be thought
as corresponding to the “weighted” notion of edge-connectivity,
where edge-disjoint paths are replaced by flows.

The edge version of the Global Minimum Cut problem has been
studied extensively, and is now reasonably well understood in undi-
rected graphs. The classical algorithm of Karger and Stein [31]
mentioned above achieves running time O(n?), improving upon
the previous fastest O(mn)-time algorithm by Hao and Orlin [24].
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Later, Karger [30] obtained a randomized algorithm with near opti-
mal running time O(m), using tree-packing and dynamic program-
ming. This running time was recently matched by a deterministic
algorithm [26]. The same problem was also studied in the directed
setting: Cen et al. [9], building on some of the ideas from [30],
recently presented a randomized algorithm for the directed edge
version with running time O(~/n - m!*+°(1),

Despite this, progress on the vertex-cut version of the problem
has been much slower. In 1996, Henzinger et al. [28] presented an
algorithm for vertex-weighted Global Minimum Cut with running
time O(mn). In the 28 years since then, no significant progress
has been made on the general vertex-weighted version. This lack
of progress is likely due to several existing technical barriers to
adapting the approaches used for the edge-cut version of the prob-
lem. For example, while there are at most () minimum cuts in the
undirected edge-cut setting, the number of minimum vertex-cuts
can be as large as ©(2% - (n/k)?) even in the unweighted setting,
where k is the value of the optimal solution [29]. Furthermore, the
tree-packing method, such as the one used in [9, 30], is not known
to provide similar guarantees in the vertex capacitated setting. Only
recently, the O(mn) barrier was broken for the unweighted version
of Global Minimum Vertex-Cut by Li et al. [36]. Their algorithm,
combined with the recent breakthrough almost-linear time algo-
rithm for Maximum s-¢ Flow [14, 49], achieves a running time of
O(m'*°M)_ They also obtain an O(mn'~/12+°(1))_time algorithm
for the directed version of the problem with unit vertex weights.

We note that the recent progress on fast algorithms for Maximum s-¢
Flow mentioned above does not appear to directly imply algorithms
for Global Minimum Cut with general vertex weights whose run-
ning time is below ©(mn). Moreover, while, in the context of Maxi-
mum s-¢ Flow, it is well known that a vertex-capacitated version of
the problem in undirected graphs can be cast as a special case of
the directed edge-capacitated version, this connection is not known
in the context of Global Minimum Vertex-Cut. Unfortunately, the
standard reduction, where an undirected vertex-weighted graph is
replaced by the corresponding edge-weighted directed split graph',
does not work for the Global Minimum Vertex-Cut problem (see
Figure 1), and so the recent algorithms for the directed Global Mini-
mum Edge-Cut problem of [9] cannot be directly leveraged to obtain
a faster algorithm for undirected Global Minimum Vertex-Cut. This
raises the following fundamental question:

Q1: Can the Global Minimum Vertex-Cut problem be solved in time
faster than ©(mn)?

In this paper, we answer this question affirmatively, by presenting
a randomized algorithm for weighted Global Minimum Vertex-Cut
with running time O(min{mn®?*+°()) m3/2+0(D}) Our result also
resolves an open question posed by [44] regarding the existence
of an 0(n?)-time algorithm for the problem, for the setting where
m = O(n). We introduce several new technical tools and expand
the scope of some existing techniques; we hope that these tools
and techniques will lead to even faster algorithms for the problem,

1A split graph of a vertex-weighted undirected graph G is obtained by replacing every
vertex v € V(G) by a directed edge (o', v°") of capacity w(v), and every edge
(x, y) of G by a pair of edges (x°", y™) and (y°", x'") of infinite capacity.
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and will be useful in other graph-based problems. We now provide
a more detailed overview of previous work, followed by the formal
statement of our results and a high-level overview of our techniques.

(a) A vertex-weighted graph G. The
unique global minimum vertex-cut in G is
({x},{y}, {z}), of value OPT = 10.

(b) The corresponding split graph G’; the blue edges have infinite
capacity. Consider the cut (X, Y), where Y = {z°%'} and X =
V(G’) \ Y. The cut value is 1, but it does not define a vertex cut
in G of the same value.

Figure 1: An illustration of the classic split-graph reduction
from undirected vertex-weighted graphs to directed edge-
weighted graphs, in the context of Global Minimum Vertex-
Cut.

1.1 Overview of Previous Related Work

In this subsection we provide a high-level overview of previous
results for central variants of the Global Minimum Cut problem,
and highlight the main challenges in adapting the techniques used
in these results to the weighted Vertex-Cut setting.

Undirected edge-cut version. The famous algorithm of Karger and
Stein [31] mentioned above achieves an O(n?) running time for the
problem. The algorithm is iterative. In every iteration, an edge (u, v)
is sampled with a probability proportional to its weight, and then u
and v are contracted into a single vertex. This process continues
until only two vertices remain in the graph, that naturally define
an edge-cut, which is then returned by the algorithm. Intuitively,
the algorithm succeeds in computing a Global Minimum Edge-Cut
with a reasonably high probability, because, if we fix some optimal
cut (X, Y), then the edges crossing the cut have a relatively small
weight, making it not very likely that an edge crossing the cut
is chosen for contraction. This method is clearly tailored to the
(undirected) edge-cut version of the problem.
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In a later paper, Karger [30] presented an O(m)-time algorithm, that
achives a near-optimal running time for the same setting. This algo-
rithm is based on the seminal result by Tutte and Nash-Williams [45,
48], which showed that any unweighted c-edge-connected graph
contains a collection of ¢/ 2 edge-disjoint spanning trees. Karger [30]
made a crucial observation that the edges of a minimum cut must
be partitioned across these ¢/2 spanning trees, and so there must
be some tree T in the packing, such that the number of edges of
T crossing the cut is at most 2; if the number of edges of a tree T
crossing a cut (X, Y) is at most i, then we say that the cut i-respects
the tree. To find the global minimum cut, the algorithm identifies,
for each tree in the packing, the minimum cut among those that
2-respect the tree, and returns the smallest resulting cut. To make
this approach efficient, the following strategy was used. First, in a
preprocessing step, the input graph is sparsified by randomly sub-
sampling edges in proportion to their capacities, and treating the
resulting “skeleton" graph H as unweighted. This reduces the num-
ber of graph edges to O(n) and the minimum cut value to O(log n),
while ensuring that, if (X, Y) is a minimum cut in G, then its value
in H is close to the value of the optimal cut in H. Next, O(logn)
trees are packed into H using the algorithm of Gabow [21]. Finally,
dynamic programming is used to examine all trees in O(m) time, in
order to compute a minimum cut in the original graph. A sequence
of works aimed at achieving fast deterministic algorithms for undi-
rected Global Minimum Edge-Cut [27, 32, 34] recently culminated
with an O(m)-time algorithm [26].

Directed edge-cut version. The fastest current algorithm for this
version, due to [9], solves the problem in the time of O(+/n) ap-
plications of Maximum s-t Flow, that, combined with the recent
almost-linear time algorithm for the latter problem by [14, 49],
yields an O(+/n-m!*°())-time algorithm for directed edge-weighted
Global Minimum Cut. At a high level, the algorithm uses the ideas
from [30] described above. However, one significant barrier in this
setting is that, in the context of directed graphs, a sparsifier that
(approximately) preserves all cuts may not exist (see, e.g., [8]). In
order to overcome this difficulty, the authors only relied on this
method if the global minimum cut is unbalanced; since the number
of unbalanced cuts can be suitably bounded even in directed graphs,
arguments similar to those from [30] can be used. The case of a
balanced global minimum cut is handled by sampling vertices and
computing Maximum s-t Flow between a subset of pairs of vertices
from that sampled set; it is then shown that, with high probability,
this subset contains at least one pair of vertices from opposite sides
of the cut.

We note that the tree-packing based techniques used in the above
algorithms appear to be unhelpful in the vertex-cut setting, as
tree packings have no known analogues in the vertex-connectivity
regime that achieve similar guarantees (see [11]).

Unweighted vertex-cut version. This version of the problem received
a considerable amount of attention over the years [18, 33, 40, 46].
Recently, a series of results [19, 44] culminated in an almost linear
O(m'*°(M)-time algorithm for this setting in undirected graphs,
along with a somewhat similar O(mn'~/12+*(1))_time algorithm
for directed graphs [36]; both of the above bounds follow from
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the recent breakthrough almost-linear time algorithm for directed
Maximum s-t Flow of [14, 49]. Our algorithm for weighted Global
Minimum Vertex-Cut builds on several high-level ideas of [36], but
requires a significant additional amount of work and new ideas in
order to handle the weighted version of the problem. We provide a
more detailed description of the algorithm of [36], the barriers to
adapting it to the weighted version of the problem, and describe
how our algorithm overcomes them in Section 1.2.

Weighted vertex-cut version. Henzinger et al. [28] presented an al-
gorithm with running time O(mn) for this version of the problem,
by generalizing the algorithm of Hao and Orlin [24] for the edge-
cut version. At a high level, the algorithm of [24] identifies n — 1
instances of the Maximum s-t Flow problem, such that one of the
instances is guaranteed to correspond to the global minimum cut.
However, instead of performing n — 1 applications of the algorithm
for Maximum s-t Flow, which would be too time consuming, Hao
and Orlin showed that one can solve all these n — 1 instances in
time that is amortized to match the time of a single Maximum s-¢
Flow computation. However, this approach only works provided
that the Maximum s-t Flow algorithm follows the Push-Relabel
scheme [23]. Unfortunately, the best current such algorithm has
running time O(mn), and the recent almost linear-time algorithms
for maximum s-¢ flow [14, 49] do not follow the Push-Relabel para-
digm and hence cannot be leveraged. Henzinger et al. [28] refined
this method of [24] and adapted it to the vertex-weighted version
of the problem. Their algorithm uses the ideas from [5] to identify
a collection of O(n) instances of Maximum s-t Flow, whose solu-
tion is sufficient in order to compute global minimum vertex-cut.
A combination of these two approaches then yields their O(mn)-
time algorithm for Global Minimum Vertex-Cut. Another relevant

work in this context is the recent combinatorial O (n2+"(1))-time

algorithm for Maximum s-t Flow of [6]. The algorithm proceeds
by setting the initial s-¢ flow f to 0, and then iteratively augment-
ing it. In every iteration, an approximate Maximum s-t Flow f” in
the residual flow network Gy is computed, via an algorithm that
can be viewed as following the Push-Relabel scheme. The flow f
is then augmented via this flow f”, and the algorithm continues
until an optimal flow f is obtained. Since this adaptation of the
Push-Relabel scheme only computes an approximate flow in the
residual flow network, to the best of our understanding, it cannot
be directly used to obtain faster algorithms for Global Minimum
Vertex-Cut using the approach of [24, 28] described above. Other
recent developments on vertex-weighted Global Minimum Cut in-
clude a (1+¢)-approximation algorithm with running time O (n?/¢?)
by [9], and an exact algorithm with pseudo-polynomial running
time O(OPT - n- ¥,cy w(u)) by [13].

Other Related Work. As mentioned already, there is a long and
extensive line of work on Global Minimum Cut and its many vari-
ations. We summarize here some additional previous results that
are most relevant to us, namely algorithms for the unweighted
version of Global Minimum Vertex-Cut. We denote by k the value
of the optimal solution (that may be as high as Q(n)), and by T(m)
the running time of the Maximum s-t Flow algorithm on an m-
edge graph. One of the earliest algorithms for this problem by [33]
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achieved a running time of O(nk - T(m)) for undirected graphs.
Subsequently, [18, 46] developed algorithms for directed graphs,
with a similar running time O(nk - T(m)). Even [17] provided an
algorithm with a running time of (n + k?) - T(m), and later [5]
designed an algorithm with a running time of O(n) - T(m) for undi-
rected graphs. Linial, Lovasz, and Wigderson [40] discovered a
surprising connection between the problem and convex hulls, that
led to an algorithm with running time O(n® + nk®) for undirected
graphs, where w is the matrix multiplication exponent, that sim-
plifies to O(n'**) in the worst case when k = ©(n). Their proof
mimics a physical process, where an embedding of a graph is com-
puted by viewing its edges as ideal springs, and then letting its
vertices settle into an equilibrium. In a follow-up work, [16] ex-
tended their result to directed graphs. An algorithm with running
time O(k*n!" + k?n?) was designed for the undirected version of
the problem by [15, 43]. Finally, [22] provided an algorithm with
running time O(n+k+/n)-T(m) = O(n%)-T(m) by using expanders
in order to identify a small number of vertex pairs for which an
algorithm for the Maximum s-¢ flow is then executed. More re-
cently, [19] gave an algorithm with O(m + nk?) running time for
undirected graphs and O(mk?) time for directed graphs, and [47]
provided an algorithm with running time O (m“" . 20(k2)) for
undirected graphs. We note that in the worst-case setting where

k = Q(n), the running times of all these algorithms are at least as
high as ©(mn).

1.2 Our Results and Techniques

Our main result is summarized in the following theorem.

THEOREM 1.1. There is a randomized algorithm, that, given a simple
undirected n-vertex and m-edge graph G with integral weights 0 <
w(v) < W on verticesv € V(G), returns a vertex-cut (A, B,C) in
G, such that, with probability at least 1 — 1/n, cut (A, B,C) is a
global minimum vertex-cut in G. The running time of the algorithm

isO (min{m3/2+"(1), mn®*%+0 ()} . (log W)O(l)).

We now provide a high-level overview of the techniques used in the
proof of Theorem 1.1, where we mostly focus on the algorithm with
running time O (mn°'99+"(1) - (log W)O(l)), the most technically
challenging part of our result. The high-level intuitive description
provided here is somewhat oversimplified and omits some technical

details, since we prioritize clarity of exposition over precision in
this high-level overview.

Let G be the input simple undirected n-vertex and m-edge graph
with integral weights 0 < w(v) < W on its vertices. In order to
simplify the discussion in this section, we assume that W < poly(n).
For simplicity, we assume that all vertex weights are non-zero; we
later show a simple transformation that allows us to achieve this
property without changing the problem. Throughout, we use a
parameter 0 < € < 1. We fix a global minimum vertex-cut (L, S, R),
and we assume w.l.o.g. that w(L) < w(R). We denote by OPT =
w(S) the value of the optimal solution. It appears that the most
difficult special case of the problem is where |L| < n€ and the graph
G is dense (e.g., m > n!%®). We start by providing simple algorithms
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for other special cases, that essentially reduce the problem to this
hard special case.

Algorithm Alg,: when |S| is small. Our first algorithm, Alg,, is de-
signed to work in the regime where |S| < |L| - n!7¢. The algorithm
for this special case follows the paradigm that was introduced
by [36] in the context of computing global minimum vertex-cut in
unweighted graphs. We start by carefully subsampling a subset T
of vertices of G in a way that ensures that, with probability at least
Q(1/n'7€),|TNL| =1and T NS = O holds. If the sampled set T of
vertices has these properties, then we say that the sampling algo-
rithm is successful. We then use the Isolating Cuts Lemma of [3, 37],
combined with the recent almost linear-time algorithm for directed
Maximum s-t Flow of [14, 49] (see also Theorem 2.2) to compute,
in time O(m”"(l)), for every vertex v € T, a minimum vertex-cut
separating o from T \ {v} in G. Lastly, we return the smallest of
the resulting cuts. It is immediate to verify that, if the sampling
algorithm is successful, then the cut returned by the algorithm is
indeed a global minimum vertex-cut. By repeating the algorithm
O(n'~¢) times, we ensure that with high probability, in at least one
of its executions, the sampling algorithm is successful. The total
running time of the algorithm for this special case is O(mn!~¢*°(),

Algorithm Alg,: when |S| is large and G is not dense. Our second
algorithm, Alg,, is designed for the regime where |S| > n!~¢ - |L|
and m < n®"%¢.In this case, we let T be the set of all vertices of G
whose degree is at least n' €. Since m < n?7%, it is easy to verify
that |T| < 2n'~€. Our main observation is that at least one vertex
of T must lie in L. Indeed, it is easy to verify that every vertex of
S must have an edge connecting it to some vertex of L, and so the
total number of edges incident to the vertices of L is at least |S|.
Since |S| > n!~€ - |L|, at least one vertex in L must have degree at
least n!7¢, so it must lie in T. Next, we provide a random procedure
that receives as input a vertex x € V(G), and returns another
vertex Y, € V(G), such that, if x € L, then with a sufficiently high
probability y, € R holds. The procedure uses the fact that, if x € L,
then the total weight of all vertices of S that are not neighbors of x
is bounded by w(L) < w(R). Vertex yy is then selected uniformly
at random from V(G) \ ({x} U Ng(x)), and, if x € L, then it is
guaranteed to lie in R with a constant probability. Lastly, for every
vertex x € T, we compute a minimum vertex-cut separating x from
Yx in G using the almost-linear algorithm of [14, 49] for directed
Maximum s-t Flow (see also Corollary 2.1), and return the cut of
the smallest weight from among all the resulting cuts. Since at least
one vertex x € T must lie in L, with a sufficiently high probability
Yx € Rmust hold, and in this case, the cut that the algorithm returns
is indeed a minimum vertex-cut.

By combining Algorithms Alg, and Alg,, we obtain an algorithm
for global Minimum Vertex-Cut in non-dense graphs: specifically,
if m < n?7%, then the running time of the resulting algorithm is
o (mnl’”"m). We note that this algorithm can be used directly to
obtain a randomized algorithm for global minimum vertex-cut with

3/2+°(1)); see details in the full version. We use

running time O (m
this algorithm with e = 1/100 to obtain an algorithm with running

time O (mn°'99+"(1)) for graphs in which m < n'%% holds. From now



Breaking the O (mn)-Time Barrier for Vertex-Weighted Global Minimum Cut

on it is sufficient to design an algorithm for dense graphs, where
m > n'%. In the remainder of this exposition, we focus on such
graphs, and we set € = 1/45 for this part of the algorithm. Note
that Algorithm Alg; works well even in dense graphs, provided
that |S| < |L| - n'~€ holds. From now on we assume that this is not
the case, so in particular, |L| < n‘li,le < nc.

A good set of terminals. At a very high level, we employ the notion
of a good set of terminals, that was (implicitly) introduced by [36],
in their algorithm for global Minimum Vertex-Cut in unweighted
graphs. Recall that we have fixed a global minimum vertex-cut
(L,S,R), where |L| < n€. For a vertex set T C V(G), we say that it
is a good set of terminals if |T N L| = 1 holds, and, additionally, if
we denote by x the unique vertex in T N L, then TN S C Ng(x).
For every vertex x € T, we denote by T,, = T \ ({x} U Ng(x)). We
say that (x, T) is a good pair, if T is a good set of terminals, and x is
the unique vertex in L N T. Notice that, if (x, T) is a good pair, then
Ty C R, and so any minimum vertex-cut separating x from T, in G
is a global minimum cut.

The algorithm of [36] starts by selecting a set T of vertices at ran-
dom, where every vertex is added to T with probability roughly
1/|L|. It is not hard to show that, if the graph G is unweighted, then
with a reasonably high probability, the resulting set T is a good
set of terminals, and moreover, |T| < O(n/|L|). For every vertex
x € T, let Gy be the graph obtained from G by unifying the ver-
tices of T, into a destination vertex t,. For every vertex x € T, the
algorithm of [36] computes the value of the minimum x—t, vertex
cut in Gy, and then returns the smallest of the resulting cuts. In
order to do so efficiently, they first sparsify each such graph Gy, by
cleverly employing sparse recovery sketches. With a sufficiently
high probability?, each resulting sparsified graph Gy contains at
most O(OPT - |L|) edges. Applying the almost-linear time algo-
rithm for maximum s-t flow of [14, 49] to each such graph G, for
x € T then yields an algorithm for computing global minimum cut
in G, whose running time, with high probability, is bounded by

) ((OPT - |L]) o™ . |T|) <0 (OPT . n“"(l)). Finally, it is easy to
see that, in the unweighted setting, the degree of every vertex in G
must be at least OPT, so m > Q(OPT - n) must hold, leading to the

bound of O (m”"(l)) on the running time of their algorithm.

Our algorithm follows this high-level scheme: we use a randomized
procedure, that is adapted to vertex-weighted graphs, in order to
select a subset T C V(G) of vertices, so that, with a reasonably high
probability, T is a good set of terminals. Then for every terminal
x € T, we compute the value of the minimum x-t, cut in the
corresponding graph Gy, and output the smallest such value. But
unfortunately, the algorithm of [36] can no longer be used in order
to sparsify each such graph Gy in the weighted setting, and it is not
clear how to extend it to this setting. Among other problems, in
the weighted setting, the value OPT of the optimal solution may be
much higher than n, and we can no longer claim that the degree of
every vertex in G is at least OPT. Additionally, in order to ensure
that the set T of vertices is a good set of terminals with a sufficiently
2In fact they provide a different simple algorithm for the special case where S contains

few low-degree vertices, and the above bound only holds for the remaining case; we
ignore these technical details in this informal exposition.
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high probability, we need to sample vertices into T with probability
that is proportional to their weight, and other parts of the analysis
of the algorithm of [36] do not work in this setting. We now proceed
to describe our algorithm in more detail.

We start by computing the split graph G’ corresponding to graph
G, that is a standard step in transforming cut and flow problems in
undirected vertex-capacitated graphs to directed edge-capacitated
graphs. The set of vertices of G’ is V(G’) = {Ui“, | v e V(G)};
we refer to 0™ and v°* as the in-copy and the out-copy of v. Given
a vertex set X C V(G), we will also denote by X" = {xm | x e X},
XU = {x°" | x € X}, and X* = X' U X°'!. We denote by Vi
{o'" | 0 € V(G)} and by V°ut = {0°" | v € V(G)}. The set E(G’) of
edges of G’ is partitioned into two subsets: the set of special edges,
that contains, for every vertex v € V(G), the special edge e, =
(o™, 0°%) of capacity c(e,) = w(v), and the set of regular edges, that
contains, for every edge (u,0) € E(G), the regular edges (™, ')
and (o, ui"), whose capacities are set to a value Wiy > 4n - W,
that is an integral power of 2.

For every vertex x € T, let G be the graph that is obtained from
G’ by adding a destination vertex t, and, for every vertex y € Ty,
adding a regular edge (y™, t) of capacity Wiyax to the graph. It is
immediate to verify that the value of the minimum x-¢, vertex-cut
in Gy is equal to the value of the minimum x°"*-¢ edge-cut in G,
which, in turn, from the Max-Flow / Min-Cut theorem, is equal to
the value of the maximum x°*-¢ flow in G.

Our algorithm computes, for every vertex x € T, a value cy, that
is at least as high as the value of the maximum x°*-¢ flow in G},.
Additionally, if (x, T) is a good pair, then our algorithm guarantees
that, with a sufficiently high probability, c, is equal to the value of
the maximum x°%-t flow in G~ (which, in turn, must be equal to
OPT). Let x € T be the vertex for which cy is the smallest, and let y
be any vertex in Ty.. If T is a good set of terminals, then the value of
the global minimum cut in G is then guaranteed, with a sufficiently
high probability, to be equal to the value of the minimum edge-cut
separating x from y in G, which, in turn, is equal to c,. Computing
the minimum x-y vertex-cut in G then yields the optimal global
minimum vertex-cut with a sufficiently high probability.

At the heart of the algorithm is our main technical subroutine, that
receives as input a set T C V(G) of vertices and a vertex x € T,
together with two copies of the graph G in the adjacency-list
representation. The algorithm outputs a value cy, that is at least
as high as the value of the maximum x°"-¢ flow in G/,. Moreover,
if (x,T) is a good pair, then with probability at least 1/2, ¢y is
guaranteed to be equal to the value of the maximum x°%-¢ flow in
G_. In the remainder of this exposition, we focus on the algorithm
for this subroutine. For convenience, we denote G, by G’ and xout ¢
V(G’) by s. We also denote by OPT, the value of the maximum s-¢
flow in G’. We note that, since |T| may be as large as Q(n), we need
to ensure that the running time of the subroutine is significantly
lower than n?. In particular, if G is sufficiently dense, this running
time may need to be lower than |[E(G’)|.

Recall that we have set the parameter € = 1/45. We also use another
parameter n’/? < y < 2n”/°, that is an integral power of 2. This
setting ensures that n*¢ < y < 2n!71%, The algorithm for the
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subroutine consists of z = O(poly log n) phases. For all 0 < i < z,
W/

max

max
o
power of 2 that is greater than the largest weight of any vertex in
G.

we also use the parameter M; = , where is an integral

Intuitively, our algorithm maintains an s-t flow f in G’, starting
with f =0, and then gradually augments it. The deficit of the flow
fis A(f) = OPT, —val(f). Specifically, for all 1 < i < z, we denote
by f; the flow f at the beginning of the ith phase. We ensure that,
forall 1 < i < z, flow f; is M;-integral, and its deficit is bounded
by 4nM;. Additionally, for technical reasons, we require that, for
every vertex 0 € V(G) with w(v) > M;, if e = (o', 0°%) is the
corresponding special edge, then f;(e) < w(v) — M;; in other words,
the residual capacity of the edge e remains at least M;. Assume
first that we can indeed ensure these properties. If z is sufficiently
large, then the flow f; has deficit at most 4nM, < 1. We can then
construct a graph G C G’, that only contains edges e € E(G’) with
f(e) > 0; the number of such edges is bounded by the total running
time of our subroutine so far, which, in turn, is significantly less
than ©(n?). Since all edge capacities in G are integral, the value
of the maximum s-t flow in G must be [val(£,)] = OPT,. We then

compute the value of the maximum s-t flow in G and output it as cy.

Before we describe our algorithm for the preprocessing step and for
each phase, we need to introduce the notion of shortcut operations.

Shortcut Operations. Over the course of the algorithm, we may

slightly modify the graph G” by performing shortcut operations.

In a shortcut operation, we insert an edge (v, t) into G’, for some
vertex v € V(G’). If the pair (x, T) is not good, then we say that
such an operation is always valid. Notice that the insertion of the

edge may only increase the value of the maximum s-t flow in G’.

Otherwise, if the pair (x, T) is good, then we say that the operation
is valid only if v € S° U R*, that is, v is either an out-copy of a
vertex of S, or it is an in-copy or an out-copy of a vertex of R. By
inspecting the minimum s-¢ edge-cut in G’ (whose corresponding
edge set is {(ui“, u®) |u € S}), it is easy to verify that a valid
shortcut operation may not change the value of the maximum s-t
flow in G’ in this case. We ensure that, with a sufficiently high
probability, all shortcut operations that the algorithm performs
are valid. For clarity, we continue to denote the original graph G’
by G’, and we use G” to denote the graph obtained from G’ after

our algorithm possibly performed a number of shortcut operations.

The flow f that our algorithm maintains is in graph G”. Recall
that our algorithm is given as input 2 copies of the graph G’ in
the adjacency-list representation. We use one of these copies to
maintain the graph G”, and we use the second copy in order to
maintain the residual graph of G” with respect to the current flow
f, that we denote by H.

The Preprocessing Step. The purpose of the preprocessing step is

to compute a flow f; that can serve as the input to the first phase.

Recall that we require that f; is M;-integral, where M; Wér)l/a",
and that its deficit is at most 4nM;. We also require that, for every
vertex 0 € V(G) with w(v) > My, if e = (o™, 0°") denotes the
corresponding edge of G”, then fi(e) < w(v) — M;. Consider the
graph G C G”, that is obtained from G” as follows. First, we
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delete, for every vertex v € V(G) with w(v) < M, both copies
of v from the graph. Next, for every remaining special edge e, we
decrease the capacity of e by at least M; and at most 2M; units, so
that the new capacity is an integral multiple of M;. It is easy to
verify that, by computing a maximum s-t flow in the resulting flow
network G, we can obtain the flow f; with all desired properties.
Unfortunately, it is possible that the graph G is very dense, so
we cannot compute the flow directly. Instead, we sparsify G first,
using the following two observations, that essentially generalize
Equation (2) and Observation 2 of [36] to arbitrary vertex capacities.
Let N = {v e V(G | (s0) € E(G)}, and let N’ C V(G) contain all
vertices u such that a copy of u lies in N. The first observation is
that there is an optimal flow in G that does not use any edges that
enter the vertices of N, except for the edges that start at s, so all
such edges can be deleted. Second, it is not hard to prove that the
total number of verticesv € S\ N’ of weight at least M; is bounded
by 2|L|y. It then follows that, if u € V(G) has more than 3|L|y
neighbors in V(G) \ N’ that have weight at least M;, then at least
one such neighbor must lie in R, and so u may not belong to L. We
can then safely add a shortcut edge (v°“, t) to both G”” and G and
we can ignore all other edges leaving v°". These two observations
allow us to sparsify the graph G, obtaining a smaller graph G’ C G,
such that, on the one hand, |E(G’)| < O(n?~%), while on the other
hand, all shortcut operations performed so far are valid with a high
enough probability, so the value of the maximum s-t flow in G’ is
at least as high as that in G and the two flow values are equal if
(x,T) is a good pair.

Executing a Single Phase. We now provide the description of the ith
phase, for 1 < i < z. Recall that we receive as input a flow f = f;
in the current graph G”, that is M;-integral, and whose deficit is
bounded by 4nM;. Additionally, for every vertex v € V(G), if e =
(o™, 0°W) is its corresponding edge in G”, then f(e) < w(v) — M;.
Therefore, if we denote by U; = {v € V(G) | w(v) > M;}, then, for
every vertex v € Uj, the residual capacity of the edge e = (0'7, v°*)
is at least M;. Throughout, we denote by H the residual flow network
of G” with respect to the current flow f. By the properties of the
residual flow network, the value of the maximum s-t flow in H is
at least OPT,. — val(f) (and it is equal to OPT, — val(f) if (x, T) is
a good pair and all shortcut operations so far have been valid). As
before, we can consider the graph H, that is obtained from H by
first deleting, for every vertex u € V(G) \ U;, both copies of u, and
then reducing, for each remaining forward special edge (o', v°%),
its residual capacity by at least M;; = M;/2 and at most 2M;,1, so
that it becomes an integral multiple of M;,,. As before, computing
a maximum s-t flow in the resulting flow network H would yield
the flow f;,; with all desired properties. But unfortunately graph H
may be very dense, and we may not be able to afford to compute the
flow directly. As before, we will sparsify this graph first, though the
sparsification procedure is much more challenging now. In fact our
algorithm may first gradually augment the flow f and add some
new shortcut edges, before sparsifying the resulting new graph
HCH.

The key step in our sparsification procedure is to compute a parti-
tion (Q, Q) of the set U; of vertices of G, so that |Q’ N S| < n!™%,
Additionally, if |Q| > n!~*¢, then we also compute an s-t edge-cut



Breaking the O (mn)-Time Barrier for Vertex-Weighted Global Minimum Cut

(X*, Y*) in the current residual flow network H, that has the follow-
ing property: the total residual capacity of the edges Ey(X*, Y") is
close to the value of the maximum s-t flow in H. In other words,
in any maximum s-t flow in H, the edges of Eg (X", Y™) are close
to being saturated. Lastly, we ensure that |Ey (X*, Y*)| is relatively
small, and, for every vertex v € Q, o™ € X* and v°" € Y* holds. As-
sume for now that we have computed the partition (Q, Q’) of U; and
the cut (X*, Y*) as above. Observe that, if some vertex v € V(G)
has more than 2n!~*¢ neighbors in Q’, then, since |L| < n€ and
|0’ N'S| < n'~*, at least one of these neighbors must lie in R,
and so v may not lie in L. We can then safely add a shortcut edge
(v°", 1), and ignore all other edges leaving v®" in H. Assume now
that |Q] > n!™*€, and let E’ = {e = (y,x) € E(H) |y € Y*,x € X*}.
Consider any maximum s-t flow f* in H, and denote its value by
F. Since the total capacity of all edges in Ey(X*, Y*) is close to F,
it is easy to see that the total flow that f* sends on the edges of
E’ is relatively low. Indeed, if # is a flow-path decomposition of
f*,and P’ C P is the subset of paths containing the edges of E’,
then every path in £ must use at least two edges of Ey (X*, Y*), so
these paths may only carry a relatively small amount of flow. We
can then delete the edges of E’ from the sparsified graph without
decreasing the value of the maximum s-t flow by too much. We
use these and other observation in order to sparsify the graph H,
to obtain a graph H’ with |E(ﬁ')| < O(n2~*e+o(1)) such that the
value of the maximum s-t flow in H’ is close to that in H ,and all
edge capacities in H’ are integral multiples of M;,;. Computing
the maximum s-t flow in B’ then yields the desired flow f;,;, that
serves as the output of the current phase.

Computing the Partition (Q, Q"). The most technically challenging
part of our algorithm is computing the partition (Q, Q’) of U;, and,
if needed, the cut (X*, Y*) in H with the properties described above.
Our first step towards this goal is to compute a subgraph J C
H withs € Jand t ¢ J, such that |[V°" N V(J)| is small, and
additionally, for every vertex u ¢ J, the total number of edges in
set {(x,u) | x € V(J)} is relatively small, as is their total capacity
in H. Assume first that we have computed such a graph J. We start
with an initial partition (Q, Q") of U;, where Q contains all vertices
v € U; for which o™ € V(J) and v ¢ V(J), and Q' = U; \ Q. We
show that |Q’ NS| must be relatively small. Consider now a graph H,
that is obtained from H, by unifying all vertices of V(H) \ V(J) into
a new destination vertex t’; we keep parallel edges and discard self-
loops. Note that, for every edge e = (x,y) € E(H) with x € V(J)
and y ¢ V(J), there is an edge (x,t’) corresponding to e in H;
we do not distinguish between these two edges. Let F denote the
value of the maximum s-t flow in H, and let F’ denote the value
of the maximum s-t’ flow in H. Our key observation is that, on
the one hand, F’ is quite close to F, while, on the other hand, if f”
is any maximum s-#’ flow in H, then the total flow on the edges
{(vi“, ®YH oedn S} must be close to their capacity. In other
words, if we compute any maximum s-¢’ flow f’ in H, and a subset
B C Q of vertices, such that the total amount of flow on the edges
of {(v'",0°") | v € B} is significantly lower than their capacity,
then only a small fraction of vertices of B may lie in S; we call
such a vertex set B C Q a bad batch. Our algorithm iteratively
computes bad batches B C Q of a sufficiently large cardinality, and

150

STOC 25, June 23-27, 2025, Prague, Czechia

then moves all vertices of B from Q to Q’. In order to compute a
bad batch, we set up an instance of Min-Cost Maximum s-¢’ Flow
in H, by setting the cost of every edge (v, ) corresponding to
vertices v € Q to 1, and setting the costs of all other edges to
0. Once the algorithm terminates, we are guaranteed that Q may
no longer contain large bad batches of vertices, or, equivalently,
in any maximum s-¢’ flow in H, the vast majority of the edges in
{(@™,0°") | v € Q} are close to being saturated. If |Q| < n'~*, then
we terminate the algorithm with the resulting partition (Q, Q’) of
U;. Otherwise, we perform one additional step that computes a cut
(X, Y) in the graph H, that in turn defines an s-t cut (X*, Y*) in H
with the desired properties. Note that this step crucially relies on
the fact that the graph His relatively small, which, in turn, follows
from the fact that |V (J) N V°%| is relatively small, and so is the
number of edges (x,y) € E(H) withx € V(J) and y ¢ V(J).

Computing the Subgraph J. Recall that, in order to compute the
partition (Q, Q") as described above, we need first to compute a
subgraph J € H withs € Jand t ¢ J, such that [V°*" nV(J)]| is
small, and additionally, for every vertex u ¢ J, the total number of
edges in set {(x,u) | x € V(J)} is relatively small, and so is their
total capacity in H. We do not compute this subgraph directly. In-
stead, we perform a number of iterations. In every iteration, we
either add a shortcut edge and augment the current flow f by a
significant amount; or we compute the subgraph J of the current
residual network H with the desired properties and terminate the
algorithm. We note that, as we add shortcut edges, and as the flow
f is augmented, the residual flow network H is updated accord-
ingly, and the graph J that our algorithm eventually computes is a
subgraph of the current residual flow network H. Our algorithm
for this step relies on the technique of local flow augmentations,
that was first introduced by [12] in the context of the Maximal
2-Connected Subgraph problem. The technique was later refined
and applied to unweighted and approximation versions of the global
minimum vertex-cut problem [13, 19, 44].

We first provide a high-level intuitive description of this technique
in the context of past work on unweighted global minimum vertex-
cut, and then describe our approach that extends and generalizes
this technique. Our description here is somewhat different from
that provided in previous work, as we rephrase it to match the
terminology used in this overview. Consider an instance G of the
unweighted Global Minimum Vertex-Cut problem, and assume that
there is an optimal solution (L, S, R) where |L| is small. Suppose
we are given a vertex’ v € L. We construct a split graph G’ as
before, and add a destination vertex ¢ to it. Intuitively, our goal is
to compute a flow of value |S| from s = v°* to ¢ in G’, while we are
allowed to add valid shortcut edges to G’. We start with a flow f =0,
and then iterate. In every iteration, we perform a DFS search in the
residual flow network H of G’ corresponding to the current flow f,
and, once the search discovers roughly |L|-|S| vertices, we terminate
it. Let X be the set of vertices that the search has discovered. We
note that, if G is a graph with unit vertex weights, and f is an
3In fact a vertex v is selected from G via some random process, and we are only
guaranteed that with some reasonably high probability, v € L; this is similar to our

setting where we first select a random set T of vertices that is a good set of terminals
with a sufficiently high probability, and then select a random vertex v € T.
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integral flow, then every vertex of V1" has exactly one edge leaving
it in H, and the other endpoint of the edge lies in V°". Additionally,
every vertex of V" has exactly one incoming edge in H. Therefore,
at least half the vertices of X must lie in V°". We select a vertex
u € X N V°" uniformly at random, and add a shortcut edge (u, t)
to G’. Since |X| > |L| - |S|, with probability at least (1 — 1/S]),
u € S° U R, and so the shortcut operation is valid. Let P be the
path connecting s to u that the search computed. We augment f
by sending 1 flow unit via the path P o (u,t) and terminate the
iteration. Lastly, if the DFS search only discovers fewer than |L]| - |S|
vertices, then the total number of vertices reachable from s in H
is small, and we can compute a maximum s-t flow in H directly.
Since the number of iterations is bounded by OPT = |S|, with a
reasonably high probability, all shortcut operation are valid, and so
we compute the value of the Global Minimum Vertex-Cut correctly.

There are several issues with adapting this algorithm to the vertex-
weighted setting. The first issue is that, if G is a graph with arbitrary
vertex weights, then the residual flow network H may no longer
have the property that every vertex of V" has exactly one incom-
ing edge; the number of such edges may be large. As the result, it is
possible that the vast majority of the vertices in the set X discovered
by the DFS lie in Vi, But we cannot select vertices of V" for short-
cut operations, since we are not allowed to add edges connecting
vertices of $™™ to ¢, and it is possible that |S| = Q(n). Therefore, our
DFS search needs to ensure that the number of vertices of V" that
it discovers is sufficiently large. To achieve this high number of
vertices of V°", it may be forced to explore a significantly larger
number of vertices of V", leading to a much higher running time
of each iteration. In order to obtain a fast overall running time, we
then need to ensure that the number of iterations is sufficiently
low, and this, in turn, can be ensured by sending a large amount of
flow in each iteration. Therefore, when performing a DFS search
in H, we only consider edges whose capacities are quite high, at
least y - M;. Once the DFS search terminates with a set X containing
a relatively low number of vertices of V°", we could let J be the
subgraph of H induced by the vertices of X. This approach could
indeed be used to guarantee that |E(J)| is low, but unfortunately
it does not ensure the other crucial property that we need: that
every vertex u € V(H) \ V(J) has relatively few edges (u’, u) with
u’ € V(J), and that all such edges have a relatively low capacity.

In order to overcome these difficulties, we significantly expand the
scope of the local-search technique. In every iteration of the local-
search algorithm, we explore the graph H, starting from the vertex
s, as follows. Initially, we let X = {s}. Whenever we encounter
an edge (u,v) with u € X and v ¢ X, whose capacity in H is at
least y - M;, we add v to X. Additionally, whenever we discover
a vertex x ¢ X, such that, for some integer i, there are at least
2% edges in set {(y,x) € E(H) | y € X}, whose capacity is at least
M; - y/2}, we add x into X. We show that, for every vertex v that
is ever added to X via one of the above rules, there is an s-v flow
in H[X] of value y - M;. An iteration terminates once |X N VY| is
sufficiently large, or once neither of the above rules can be applied
to expand X. In the latter case, we let J = H[X], and we show that
J has all required properties. In the former case, we select a vertex
v € X NV° uniformly at random, and connect it to ¢ via a shortcut
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operation. We then compute an s-v flow f’ of value y - M; in graph
H[X], which is guaranteed to contain relatively few edges, and
augment the current flow f by sending y - M; flow units from s to ¢
via the flow f”, that is extended via the edge (v, t) to reach t. We
note that, unlike previous work that used the local-flow technique,
where the flow augmentation in every iteration was performed via
a single path, we augment the flow f via the flow f” that may be
more general.

To summarize, the algorithm for a single phase consists of three
steps. In the first step, we compute the subgraph J C H, after pos-
sibly augmenting the initial flow and adding new shortcut edges.
This step exploits the expanded local-search technique. In the sec-
ond step we compute the partition (Q, Q’) of U;, and, if required,
an s-t cut (X*,Y*) in H. The former is done by repeated applica-
tions of the algorithm for min-cost maximum flow, and the latter
is achieved by computing a minimum s- cut in an appropriately
constructed graph. Lastly, in the third step, we sparsify the residual
flow network H, and compute the desired flow f;,1. This step relies
on the properties of the partition (Q, Q") and of the cut (X*, Y*).

A Subgraph Oracle. The algorithm described above needs an access
to a subroutine, that we refer to as the subgraph oracle. The oracle is
given access to an undirected graph G in the adjacency-list represen-
tation, a subset Z of its vertices, and a parameter §. The oracle must
return a partition of V(G) into two subsets Y/ and Y” such that, for
every vertex v € Y", the number of neighbors of v that lie in Z is at
least roughly n'~%, while for every vertex u € Y*, the number of
such neighbors is at most roughly n'~®. Additionally, the algorithm
must return the set E’ = Eg(Y?, Z) of edges, and its running time
should be at most n27®(®)  Our main technical subroutine, when
processing a vertex x € T, performs at most z < polylogn calls to
the oracle, with at most one such call performed per phase. While
it is not hard to design an algorithm that computes the partition
(Y4, Y") of V(G) with the desired properties by using the standard
sampling technique, computing the set E’ of edges within the de-
sired running time appears much more challenging. Instead, we
design an algorithm that can simultaneously process up to n such
subgraph queries in bulk, in time O(n3~®(®)), This algorithm casts
the problem of computing the sets E’ of edges for all these queries
simultaneously as an instance of the Triangle Listing problem in
an appropriately constructed graph, and then uses the algorithm of
[7] for this problem. Our final algorithm for the Global Minimum
Vertex-Cut problem proceeds in z iterations. In each iteration i, for
every vertex x € T, we run the algorithm for processing x described
above, while recording all random choices that the algorithm makes,
until it performs the ith call to the subgraph oracle, and then we
terminate it. Once we obtain the ith query to the subgraph oracle
from each of the algorithms that process vertices of T, we ask the
subgraph oracle all these queries in bulk. Then iteration (i + 1)
is performed similarly, except that we follow all random choices
made in iteration i. Since we now have the response to the ith query
to the subgraph oracle, we can continue executing the algorithm
processing each vertex x € T until it performs the (i + 1)th such

query.
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In the remainder of this extended abstract we provide a high-level
description of our algorithm, with many technical details deferred
to the full version.

2 The Algorithm

2.1 Preliminaries

2.1.1  Parameters W;,., Wmax. Given an undirected graph G =
(V,E) with integral weights w(v) > 0 on its vertices v € V(G),
we denote by W, (G) the smallest integral power of 2, such that
Wiax(G) > maxyey {w(v)} holds. We let Wiax (G) be the smallest
integral power of 2 with Wipax > 2n - W .. When the graph G
is clear from context, we denote Wy, (G) and Wnax(G) by W/ .
and Wiy, respectively. Notice that: Wipax(G) < 4n - W, (G) <

8n - max,ey {w(v)}.

2.1.2  Fast Algorithms for Flows and Cuts. Our algorithm relies on
the recent breakthrough almost linear time algorithm for Minimum
Cost Maximum s-t Flow [14, 49]. We use its following version (see
details in the full version).

COROLLARY 2.1. There is a deterministic algorithm, that receives
as input an undirected m-edge graph G with integral weights 1 <
w(v) < W on verticesv € V(G), together with two disjoint subsets
S,T € V(G) of vertices. The algorithm computes a minimum S-
T wvertex-cut (X,Y,Z) in G. The running time of the algorithm is

o (m“"(l) -log W).

2.1.3 Computing Minimum Cuts via Isolating Cuts. The Isolating
Cuts lemma was introduced independently in [3, 37], and it found
many applications since (see, e.g. [1, 2, 4, 10, 13, 20, 25, 26, 35, 36,
38, 39, 42, 50]). We use the following theorem, that generalizes
the version of the Isolating Cuts lemma from [36] that focuses on
unweighted graphs to graphs with arbitrary vertex weights. The
proof closely follows the arguments from [36], and is provided in
the full version of the paper.

THEOREM 2.2 (IsoLATING CuTs). There is a deterministic algorithm,
that, given as input an undirected m-edge graph G with integral
weights 0 < w(v) < W on its verticesv € V(G), together with a
subset T C V(G) of vertices of G, computes, for every vertexv € T,
the value of the minimum vertex cut separating v from T \ {v}. The

running time of the algorithm is O (m1+°(1) -log W).

2.1.4  Properties of the Global Minimum Vertex-Cut. In this subsec-
tion we establish a useful property of a global minimum vertex-
cut in undirected graphs. Consider a vertex-weighted graph G, let
(L,S,R) be a global minimum vertex-cut in G, and let x € L be
any vertex. The following simple claim shows that, in a sense, al-
most all vertices of S must be neighbors of x in G. In other words,
the total weight of all vertices of S that are not neighbors of x is
bounded by w(L). The following claim, whose proof is deferred to
the full version of the paper, can be thought of as a generalization of
Proposition 3.2 in [36] from unit vertex weights to general weights.

CrLaiM 2.3. Let G be a simple undirected graph with integral weights
w(v) > 0 on its vertices v € V(G), and let (L,S,R) be a global
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minimum vertex-cut in G. Let x € L be any vertex, and denote by
S’ =8\ Ng(x). Then w(S’) < w(L) must hold.

2.2 Algorithm Description

Next, we provide our main result, namely an algorithm for the
vertex-weighted global minimum vertex cut, proving Theorem 1.1.
Due to lack of space, we defer many technical details to the full
version of the paper.

We assume that we are given a simple undirected n-vertex and m-
edge graph G with integral weights 0 < w(v) < W on its vertices.
It will be convenient for us to assume that all vertex weights are
strictly positive. In order to achieve this, we can modify the vertex
weights as follows: for every vertex v € V(G), we let w'(v) =
n? - w(v) + 1. Let G’ be the graph that is identical to G, except that
the weight of every vertex v is set to w’(v), and let W/ = n? - W + 1,
so for every vertex v € V(G), 1 £ w’(v) < W’ holds. Note that
(L,S,R) is a global minimum vertex cut in G’ if and only if it is
also a global minimum vertex cut in G. In order to avoid clutter,
we will denote G’ by G, and the vertex weights w’ (v) by w(v) for
v € V(G). From now on we assume that, for every vertex v € V(G),
1 < w(v) < W, where W = n? - W + 1. We define the values
Wiax(G) and Whax(G) as in Section 2.1.1, and denote them by
W ax and Whay, respectively, throughout this section. Note that:
Winax < O(nW’) < O(n® - W). Let p = [log(W’)]. Forall 0 < i < p,
we let U; C V denote the set of all vertices v with 2! < w(v) < 251,
so (Uy, . ..,U,) is a partition of V(G).

Whenever we are given any vertex cut (L, S, R) of G, we assume
without loss of generality that w(L) < w(R) holds. Forall0 < i < p,
we then denote L; = L NU;, S; =SNU;, and R; = RN U;, so that
(L, Si, R;) is a partition of U;.

We use a combination of several algorithms, that are designed to
handle different edge densities and different tradeoffs between the
values |L;| and |S;| for the optimal cut (L,S,R), for 0 < i < p.
Each such algorithm must return an estimate ¢ on the value of the
optimal solution, together with a pair s,t of vertices of G, such that
c is at least as large as the value of the minimum s-t vertex-cut
in G. We will ensure that, with high probability, at least one of
the algorithms returns an estimate ¢ = OPT. Taking the smallest
estimate ¢ returned by any of these algorithms then yields the
optimal solution value with high probability, and computing the
minimum s-t vertex cut for the corresponding pair s, t of vertices
provides an optimal global minimum cut in G. We now describe
each of the algorithms in turn.

2.3 Algorithm Alg,: when S; is Small for Some i

Our first algorithm, Alg,, is summarized in the following theorem.

THEOREM 2.4. There is a randomized algorithm, that we denote by
Alg,, whose input is a simple undirected n-vertex and m-edge graph
G with integral weights 1 < w(v) < W’ on verticesv € V(G), and
a parameter 0 < € < 1. The algorithm returns an estimate c on the
value OPT of the global minimum vertex cut in G, and two vertices
x,y € V(G), such that ¢ > OPT holds, and the value of the minimum
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x-y vertex-cut in G is at most c. Moreover, if there is a global minimum
vertex-cut (L, S, R) in G, and an integer 0 < i < [log W'], such that
L; # 0 and|S;| < |L;|-n'~¢, then, with probability atleast1-1/n*, ¢ =
OPT. The running time of the algorithm is O (mnl’“"(l) -log? W').

In the remainder of this subsection, we prove the above theorem.
At a high level, Algorithm Alg, uses the paradigm of subsampling
aset T of vertices of G and then applying the Isolating Cuts Lemma
(Theorem 2.2) to T; this paradigm was introduced by [36] in the
context of computing global minimum vertex-cut in unweighted
graphs. The following lemma is central to the proof of the theorem.

LEMMA 2.5. There is a randomized algorithm, whose input is a simple
undirected n-vertex and m-edge graph G with integral weights 1 <
w(v) < W’ on verticesv € V(G), two integral parameters 0 <
i < [logW’] and 0 < A < n, and another parameter 0 < € < 1.
The algorithm returns an estimate c on the value OPT of the global
minimum vertex-cut in G, and two vertices x,y € V(G), such that
¢ > OPT holds, and the value of the minimum x-y vertex-cut in G is
at most c. Moreover, if there is a global minimum vertex-cut (L, S, R)
in G with A < |Lj| + |S;| < 24, such that L; # 0 and |S;| < |L;| - n'~¢,
then, with probability at least 1 — 1/n*, ¢ = OPT holds. The running

time of the algorithm is O (mnl"“"(l) -log W’).

We prove Lemma 2.5 below, after we complete the proof of The-
orem 2.4 using it. Let z = [log W’] and let z’ = [log n]. Our algo-
rithm performs O(z - z’) iterations, as follows. For all 0 < i < z
and for all 0 < j < z’, we apply the algorithm from Lemma 2.5
to graph G, with parameter i and A = 2/, and parameter € re-
maining unchanged; we denote this application of the algorithm
from Lemma 2.5 by A, ;, and we denote by (c; j, x; j, yi ;) its output.
We let i*, j* be the indices for which the value c;+ j« that Algo-
rithm A; ; returned is the smallest, breaking ties arbitrarily. We
then output (c; j+, x; j*, yi= j+). This completes the description of
Algorithm Alg,. Since the running time of the algorithm from
Lemma 2.5 is O(mn!~¢*°() . log W”), the running time of Alg,
is O(mn'=¢*°)) . O(z - z’) < O(mn'~¢*°() . Jog? W'). Moreover,
Lemma 2.5 ensures that ¢;+ j+ > OPT holds, and that the value of
the minimum x; j«-y;+ j+ vertex cut in G is at most ¢;« jx.

Assume now that there is a global minimum vertex cut (L, S, R) in
G, and an integer 0 < i < [log W'], such that L; # 0 and |S;| < |L;|-
n'=€.Let0 < j < 2’ be the unique integer with 2/ < |L;|+]S;] < 2/*1.
We say that Algorithm A; ; is successful, if its output (c; j, ;i j, yi ;)
has the property that ¢; ; = OPT. From Lemma 2.5, with probability
atleast 1 — 1/n%, Algorithm A; ; is successful. In this case we are
guaranteed that ¢;s j» = OPT as well. In order to complete the proof
of Theorem 2.4, it is now enough to prove Lemma 2.5.

Proof of Lemma 2.5. The proof follows the high level idea of [36],
that was introduced in the context of computing global minimum
vertex-cuts in unweighted graphs, of subsampling a subset T of
vertices of G, and then applying the Isolating Cuts Lemma (Theo-
rem 2.2) to it.

We start by describing an algorithm, that we denote by A’. Our
final algorithm will execute A’ several times. Algorithm A’ starts
by constructing a random set T of vertices as follows: every vertex
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v € U; is added to T independently with probability ﬁ We then use
the algorithm from Theorem 2.2 to compute, for every vertex v € T,
the value c, of the minimum vertex-cut separating v from T \ {0} in
G. We let x € T be the vertex for which the value ¢, is the smallest,
breaking ties arbitrarily, and we let y be an arbitrary vertex in
T\ {x}. We then return cy, x and y as the outcome of the algorithm
A’. Note that the running time of Algorithm A’ is O(m'*°(). Tt is
easy to verify that, for allo € T, ¢, > OPT must hold, since c, is the
value of a vertex-cut in G. In particular, ¢, > OPT must hold as well.
Moreover, since there is an x-y vertex-cut of value ¢y in G (the cut
separating x from T \ {x}), we get and the value of the minimum
x-y vertex-cut in G is at most c,. We say that the algorithm A is
successful if ¢, = OPT; otherwise we say that it is unsuccessful. We
will use the following claim to analyze algorithm A’, whose proof
is deferred to the full version of the paper.

CLAIM 2.6. Suppose that there is a global minimum vertex-cut (L, S, R)
inG with A < |Lj| +|Si| < 2A, such thatL; # 0 and |S;| < |L;| - n'~€
holds. Then the probability that Algorithm A’ is successful is at least

We execute Algorithm A’ ©(n!~€ - logn) times, and return the
triple (cy,x,y) with smallest value c, that any execution of the
algorithm produced. It is easy to verify that, if there is a global
minimum vertex-cut (L, S,R) in G with A < |L;| + |S;| < 24, such
that L; # 0 and |S;| < |L;| - n'™¢, then the probability that at least
one of the executions of A’ is successful is at least 1 — 1/n*, and
in this case, if (c, x, y) is the output of the algorithm, then we are
guaranteed that ¢ = OPT holds. The running time of the entire

algorithm is O (m -plmero) L Jog W’). O

2.4 Algorithm Alg,: when G is not Dense and S
is Large

Our second algorithm, Alg,, will be used in the case where the
input graph G is not very dense; we summarize it in the following
theorem.

THEOREM 2.7. There is a randomized algorithm, that we denote by
Alg,, whose input is a simple undirected n-vertex and m-edge graph
G with integral weights 1 < w(v) < W’ on verticesv € V(G), and
a parameter 0 < € < 1, such that m < n®~%¢ holds. The algorithm
returns an estimate c on the value OPT of the global minimum vertex-
cut in G, and two vertices x,y € V(G), such that ¢ > OPT holds, and
the value of the minimum x-y vertex-cut in G is at most c. Moreover, if
there is a global minimum vertex-cut (L, S, R) inG with|S| > n1=¢:|L|,
then, with probability at least 1 — 1/n*, ¢ = OPT holds. The running

time of the algorithm is O (mnl_“"(l) -log W’).

The remainder of this subsection is dedicated to the proof of Theo-
rem 2.7.

Let T be the set of all vertices v € V(G) with deg; (v) > n'~¢. Since
2oev(c) degg(v) =2m < 2n?72¢ we get that |T| < ZZf:iE <2nl~e
We use the following simple observation.

OBSERVATION 2.8. Suppose there is a global minimum vertex-cut
(L,S,R) in G with |S| > n'=¢ - |L|. Then L N T # O must hold.
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Proor. Let (L,S,R) be a global minimum vertex-cut in G with
|S] = n'=¢€ - |L|. We claim that, for every vertex v € S, there must be
an edge connecting v to some vertex of L. Indeed, assume otherwise.
Consider the partition (L, S, R’) of vertices of G with S’ = S\ {v}
and R* = R U {v}. It is easy to verify that (L,S’,R’) is a valid
vertex-cut in G, and moreover that w(S’) < w(S), contradicting
the assumption that (L, S, R) is a global minimum vertex-cut in G.

We conclude that the total number of edges in G connecting the
vertices of L to the vertices of S is at least |S|, and so there must
be some vertex u € L with deg;(u) > %

hold.

> n'"¢ sou € T must
]

The following lemma provides a central tool for the proof of Theo-
rem 2.7. The proof of the lemma is deferred to the full version of
the paper.

LEMMA 2.9. There is a randomized algorithm, that, given a simple n-
vertex and m-edge graph G with integral weights 1 < w(v) < W' on
verticesv € V(G), and a vertex x € V(G), returns a vertexy € V(G),
and the value c of the minimum x-y vertex-cut in G. Moreover, if
there is a global minimum vertex-cut (L, S, R) in G with x € L, then
with probability at least 1 — 1/n*, ¢ = OPT holds. The running time

of the algorithm is O (m”"(l) -log W’).

We are now ready to complete the proof of Theorem 2.7. Our algo-
rithm starts by computing the set T of vertices of G, whose degrees
in G are at least n!~¢. Clearly, T can be computed in time O(m),
and, as observed already, |T| < 2n!~¢ must hold. Next, we apply
the algorithm from Lemma 2.9 to every vertex x € T in turn, and
we let (cy, yx) be the outcome of this application of the algorithm
from the lemma. We then let x” € T be the vertex for which ¢, is
minimized, and return (¢, x’, y,) as the outcome of the algorithm.
Lemma 2.9 guarantees that ¢, is the value of the minimum x’-y,
vertex cut in G, and so ¢,» > OPT holds. Assume now that there is a
global minimum vertex cut (L, S, R) in G with |S| > n'~¢ - |L|. Then,
from Observation 2.8, L N T # 0 must hold. Let v be any vertex
in L N T. Then, when the algorithm from Lemma 2.9 was applied
to vertex o, with probability at least 1 — 1/n, the value ¢, of the
minimum v-y, vertex cut that it returned is equal to OPT. In this
case, we are guaranteed that the value c that our algorithm returns
is equal to OPT as well. Since |T| < n'~¢, and since the running

time of the algorithm from Lemma 2.9 is O (m“"(l)‘l"g W’), we get

that the running time of our algorithm is O (mnl’eﬂ’(l) - log W’).

2.5 Summary: an Algorithm for Non-Dense
Graphs

By combining Algorithms Alg, and Alg,, we obtain an algorithm
for global minimum cut on graphs that are not very dense, that is
summarized in the following corollary, whose proof we defer to
the full version.

COROLLARY 2.10. There is a randomized algorithm, whose input is a
simple undirected n-vertex and m-edge graph G with integral weights
1 < w(v) < W’ on verticesv € V(G), and a parameter 0 < € < 1/2,

154

STOC 25, June 23-27, 2025, Prague, Czechia

such that m < n®>% holds. The algorithm returns an estimate c
on the value OPT of the global minimum vertex-cut in G, and two
vertices x,y € V(G), such that ¢ > OPT holds, and the value of the
minimum x-y vertex-cut in G is at most c. Moreover, with probability
at least 1 — 1/n*, ¢ = OPT holds. The running time of the algorithm

isO (mnl’”"(l) -log W').

2.6 Main Technical Result: Algorithm for the
Dense Case

Our final and the most involved algorithm, Alg,, is only used in
the case where the input graph G is dense; we summarize it in
the following theorem. The theorem statement uses the parameter
Whax = Winax(G), defined in Section 2.1.1. The proof of the theorem
is deferred to the full version of the paper.

THEOREM 2.11. There is a randomized algorithm, whose input is
a simple undirected n-vertex graph G with integral weights 1 <
w(v) < W’ on verticesv € V(G). The algorithm returns an estimate
c on the value OPT of the global minimum vertex-cut in G, and two
vertices x,y € V(G), such that ¢ > OPT holds, and the value of the
minimum x-y vertex-cut in G is at most c. Moreover, if there is a
global minimum vertex-cut (L, S, R) in G, such that, for all 0 < i <
[logW] Si| = n*% . |L;| holds, then, with probability at least

W, ¢ = OPT holds. The running time of the algorithm is

o) (n2~96 : (log(Wmax))O(l)).

In order to obtain our final result — the proof of Theorem 1.1 — we
use the algorithm from Corollary 2.10 if the input graph G is not
very dense. When G is sufficiently dense, we use the combination
of Algorithm Alg, from Theorem 2.4 and Alg, from Theorem 2.11.
We provide further details in the full version of the paper.
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