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Abstract

In the fully dynamic maximal matching problem, the goal is to main-
tain a maximal matching in a graph undergoing an online sequence
of edge insertions and deletions, while minimizing the update time.
The problem has been studied extensively in the oblivious-adversary
setting, where randomized algorithms with polylogarithmic worst-
case and constant amortized update time have been known for
some time. A major challenge in this area has been designing an al-
gorithm with non-trivial update time against an adaptive adversary,
who may explicitly tailor the update sequence to the algorithm’s
choices. In a recent breakthrough, Bernstein, Bhattacharya, Kiss,
and Saranurak (STOC 2025; hereafter, BBKS25) obtained the first
algorithms with sublinear in n update time for this setting: namely,
a randomized algorithm with O(n®/#) amortized update time, and
a deterministic algorithm with O(n®/®) amortized update time. Our
main result is a deterministic algorithm for fully dynamic maximal
matching with amortized update time nl/2+o(1),

A powerful tool in dynamic matching is the use of matching sparsi-
fiers: sparse subgraphs that preserve enough information to recover
matchings with desired properties. Sparsifiers have been success-
fully used for approximate maximum matching, yielding sublin-
ear update-time algorithms even against adaptive adversaries. For
maximal matching, however, this paradigm is not as natural, since
maximality must hold with respect to the entire graph, and so the al-
gorithm must be able to detect and repair violations across all edges.
Nevertheless, BBKS25 showed that the EDCS data structure can be
ingeniously repurposed as a verification-and-repair mechanism for
fully dynamic maximal matching against adaptive adversaries.

We introduce a new deterministic framework, referred to as the
subgraph system, which, in contrast to the EDCS data structure
used by BBKS25, is purpose-built for verification and maintenance
of maximality. The structure of the subgraph system is also care-
fully designed to allow efficient recursive refinements leading to
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stronger and stronger parameters. This recursive approach yields
our deterministic algorithm with n!/2+°()) amortized update time,
and provides a new deterministic framework for one of the central

graph optimization problems in the dynamic setting.
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1 Introduction

We study the fully dynamic maximal matching problem: given an
n-vertex graph G that undergoes an online sequence of edge inser-
tions and deletions, the goal is to maintain a matching M, that is a
maximal matching with respect to the current graph G at all times.
Maximal matching is a fundamental graph theoretic notion, and
algorithms for computing it serve as a key subroutine in dynamic
algorithms for coloring, scheduling, and approximate maximum
matching. As such, the problem has been studied extensively in
various settings, including that of dynamic algorithms.

In the oblivious adversary scenario, where the update sequence is
fixed in advance, fully dynamic maximal matching is by now a well-
understood problem. Baswana, Gupta, and Sen [BGS11, BGS18]
designed the first algorithm with O(poly log n) amortized update
time, that was later improved to an O(1) amortized update time
by Solomon [Sol16], and to O(poly log n) worst-case update time
by Bernstein, Forster, and Henzinger [BFH21]. In contrast, in the
setting of the adaptive adversary, where the update sequence may
depend on the algorithm’s decisions, progress was long stalled.
Until very recently, the best known algorithm in this setting, due
to Neiman and Solomon [NS15], achieved an O(+/m) worst-case

update time, improving upon the earlier O((n + m)Y/ ‘/5) result of
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Ivkovi¢ and Lloyd [IL93]; both these algorithms are deterministic.
Thus in dense graphs, until very recently, even with randomization,
no algorithm was known to achieve a better than ©(n) amortized
update time against an adaptive adversary—the same update time
bound as the trivial approach of restoring maximality by exhaus-
tively searching the neighborhood of a vertex affected by a deletion.
To summarize, while algorithms with O(1) amortized update time
have been known for the fully dynamic maximal matching problem
in the oblivious adversary setting for some time, in the adaptive
adversary setting, even the problem of achieving a sublinear in n
amortized update time was open until very recently.

To gain intuition for this stark discrepancy, consider a vertex v of
degree Q(n). The most challenging updates are deletions of edges
that lie in the current matching M maintained by the algorithm,
since such deletions require that the affected vertices are rematched.
If an edge that is incident to v in the matching M that the algorithm
maintains is selected uniformly at random among the Q(n) incident
edges of v in G, then in expectation, an oblivious adversary must
perform Q(n) deletions before removing the matching edge inci-
dent on v. Thus, even if the algorithm spends ©(n) time to rematch
v, it still achieves an O(1) amortized update time. In contrast, an
adaptive adversary can deliberately target matching edges incident
to high-degree vertices, forcing updates that require Q(n) time if a
naive rematching strategy is used.

As every maximal matching is a 1/2-approximation to the maximum
matching, and since the past decade has seen major progress on algo-
rithms for approximate maximum matching in dynamic graphs (e.g.,
[OR10, GP13, BS15, BS16, BHN16, BCH17, BHI18, ACC*18, Waj20,
BDL21, Kis22, RSW22, BK22, Beh23, ABKL23, BKS23, BKSW24a,
BKSW24b, ABR24, Liu24, BG24, AKK25]), it is natural to ask whether
techniques employed in these algorithms can be extended to the
maximal matching setting. A common tool underlying most these
algorithms is the notion of a matching sparsifier—a sparse subgraph
that compresses the input fully dynamic graph G, while preserving
enough information, so that an approximate matching can be recov-
ered using only the edges of the sparsifier. Prominent examples of
this approach include the use of kernel in algorithms for (1/2 — ¢€)-
approximate matchings [BHI18], the use of the Edge-Degree Con-
strained Subgraph (EDCS) in algorithms for (2/3 — €)-approximate
matchings [BS15, BS16], and algorithms based on Szemerédi’s regu-
larity lemma and Ruzsa-Szemerédi graphs, that achieve (1 — o(1))-
approximation [ABKL23, BG24, AKK25]. These structures lead to
a sublinear in n update time, because a matching of the desired
quality can be found while restricting the attention to the sparsifier
graph, which is much sparser than G. Moreover, these sparsifier
structures have proven robust enough to yield sublinear update
times even against an adaptive adversary. In the context of main-
taining a maximal matching, however, this sparsification paradigm
is less natural, since maximality must hold with respect to the entire
graph, and hence requires the ability to detect and repair violations
that may involve edges outside of the sparsifier. The core algorith-
mic challenge thus becomes one of efficient verification and repair
of maximality. An additional impediment is that, unlike the setting
of approximate matchings, where, for example, a valid (1 — ©(¢))-
approximate matching remains so even if one ignores the next
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O (e - n) updates [GP13, AKL19, Kis22], maximality is fragile: it can
be violated by the insertion or the deletion of even a single edge.

A major breakthrough was achieved very recently by Bernstein,
Bhattacharya, Kiss, and Saranurak [BBKS25], who obtained a ran-
domized algorithm with O(n3/*) amortized update time and a de-
terministic algorithm with O(n®/°) amortized update time; both
algorithms work against an adaptive adversary. In their algorithm,
[BBKS25] ingeniously repurpose the EDCS data structure as a
verification-and-repair mechanism, using it as the algorithmic back-
bone for maintaining a dynamic maximal matching. While [BBKS25]
demonstrate that the EDCS framework can be adapted to the maxi-
mal matching setting, their approach inherits some structural limi-
tations, since EDCS was originally designed for approximate match-
ings rather than for enforcing maximality. In particular, an EDCS
acts as a sparse subgraph of the underlying graph, relying on degree
constraints that ensure approximate matchings can be maintained
efficiently. Some of the challenges of using EDCS as a backbone in-
clude a high update time for maintaining the EDCS data structure in
the fully dynamic setting [GSSU22], and difficulty of finding short
augmenting paths efficiently in a dynamically changing graph.

Our Results. Our main result is a deterministic algorithm for main-
taining a maximal matching in a fully dynamic graph with nl/2+o(1)
amortized update time. Our approach is different from that of
[BBKS25]: we introduce a new deterministic framework referred to
as the subgraph system, designed specifically to allow efficient veri-
fication and repair of maximality directly, rather than to sparsify the
graph while preserving an approximate matching. Our subgraph
system design serves two key purposes. First, it allows for efficient
deterministic construction (amortized over a batch of updates) and
efficient maintenance of some key data structures as the underlying
graph evolves. In particular, the subgraph system is designed to
allow a recursive composition that gradually yields stronger and
stronger properties. Second, it offers a structured way to detect and
restore violations of maximality through bounded local operations.
In this respect, the subgraph system provides for maximal match-
ing what matching sparsifiers provide for approximate matching:
an explicit, combinatorial framework that retains all information
necessary to maintain maximality.

Adaptive vs. Oblivious Adversary. It is worth noting that maximal
matching is not unique in suffering a large performance gap be-
tween the oblivious and the adaptive adversary settings. A similar
dichotomy arises in other dynamic problems, such as maximal inde-
pendent set and (A + 1)-coloring. In the oblivious adversary setting,
algorithms with polylogarithmic or even constant amortized up-
date times are known for both problems [BDH*19, CZ19, BGK*22,
HP22], while in the adaptive adversary setting, the best known up-
date times are polynomial in n [GK18, DZ18, BRW25, FH25]. More
generally, such gaps are a recurrent phenomenon in dynamic graph
problems. A very recent work by Bernstein, Bhattacharya, Fischer,
Kiss, and Saranurak [BBF*26] establishes conditional update-time
separations between adaptive and oblivious adversaries for mul-
tiple dynamic symmetry-breaking problems, including maximal
independent set (MIS) and maximal clique. Specifically, they show
that, under the combinatorial Boolean Matrix Multiplication (BMM)
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hypothesis, every algorithm for the incremental MIS problem that
works against an adaptive adversary must incur n'=() amortized
update time, whereas, in the oblivious adversary setting, polylog-
arithmic update time algorithms are known. Similarly, [BBF*26]
show that, under the 3SUM or the APSP hypotheses, any algorithm
for decremental maximal clique that works against an adaptive ad-
versary requires Q(A/n°1)) amortized update time when the initial
maximum degree is A < /i, while in the oblivious adversary set-
ting, a poly log(n) update time is achievable. Together, these results
show that the performance gap between oblivious and adaptive ad-
versaries is a pervasive barrier across dynamic symmetry-breaking
and related graph problems.

1.1 Our Results and Techniques
Our main result is summarized in the following theorem.

THEOREM 1.1. There is a deterministic algorithm that, given an n-
vertex graph G initially containing no edges and undergoing an on-
line sequence of edge insertions and deletions, maintains a maximal
matching in G with amortized update time nl/2+o(1),

We now provide a high-level overview of the proof of Theorem 1.1
and compare it with the approach of [BBKS25]. For clarity of ex-
position, we consider a slightly different setting, where the input
n-vertex graph G initially may contain edges, but the only updates
that it undergoes are edge deletions, so G is decremental and not
fully dynamic. We also assume that the update sequence is suffi-
ciently long, so, for example it contains at least ni/3 updates. This
setting seems to capture the main challenges of the problem, and
extending the algorithm to the fully dynamic setting with an arbi-
trary number of updates is not difficult. We start by describing an
algorithm with O(n?/3) amortized update time, since this algorithm
allows us to convey some of our main ideas, and to motivate the
more involved data structures used in the algorithm with nl/2+o(1)
amortized time.

1.2 Algorithm with O (n?/?) Amortized Update
Time

The main new combinatorial object that we introduce is the z-
subgraph system, that we describe next; for clarity of exposition,
we omit some technical details that are not essential.

The z-subgraph system. Let G be a graph and let 1 < z < nbe an
integral parameter. A z-subgraph system for G consists of a subset
M C E(G) of edges, and a partition (A, B, U) of the vertices of G;
we denote by S = AUB. We require that every vertex in S is incident
to exactly z edges of M, and every vertex in U is incident to at most
z edges of M. We also require that, for every vertex u € U, at most z
neighbors of u in G may lie in U, so [Ng(u) N U| < z. Additionally,
we require that the following two crucial properties hold:

(P1) For every vertex u € U, |Ng(u) N B| < 2z; and
(P2) For every vertex a € A, for every edge (a,v) € M incident to a,
v € S must hold.
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Lastly, the subgraph system must contain, for every vertex u € U,
the list A(u) = Ng(u) N (BU U) of vertices, whose length must be
O(z), and, for every vertex a € A, the list L(a) = Ng(a) N U of ver-
tices, whose length may be arbitrary. We denote by A = {A(v) },cu
and L = {L(v)},eca, and we denote the entire z-subgraph system
by (S,B,U, M, A, L).

We note that the notion of the z-subgraph system is somewhat
similar to that of the Edge-Degree Constrained Subgraph (EDCS)
data structure, that was used in the algorithm of [BBKS25] for dy-
namic maximal matching. The EDCS data structure was introduced
by Bernstein and Stein [BS15, BS16] in the context of computing
approximate maximum matchings, and it was used in numerous
algorithms since (see [BBKS25] for futher references). Given a pair
0 < B~ < B of parameters, a (B, B~)-EDCS of a graph G is a sub-
graph G’ C G, that has the following two properties. First, for every
edge (u,0) € E(G’), degs (u) + degys (v) < B must hold. Second,
for every edge (u,v) € E(G) \ E(G’), deg (u) + degg (v) > B™.
Note that the maximum vertex degree in G’ is at most B, ensuring
that G’ is a sparse graph, regardless of the density of G, provided
that B is chosen to be sufficiently small. The algorithm of [BBKS25]
for fully dynamic maximal matching maintains a (B, (1 — €)B)-
EDCS G’ of the input fully dynamic graph G, for some parameters
0 < € < 1and B > 0, by using the deterministic algorithm of
[GSSU22], whose worst-case update time is O (%) In the algo-
rithm of [BBKS25], the vertices of G are partitioned into three
subsets, based on their degree in G”: set vhigh contains all vertices

v with degs/ (v) > (% + @(e)) B; set V1% contains all vertices o

with deg/ (v) < (% - @(e)) B: and set V"4 contains all remaining
vertices. The properties of the EDCS data structure are then ex-
ploited by [BBKS25] in order to maintain a matching M’, in which
every vertex of vhigh and the vast majority of the vertices of ymed
are matched. Additionally, they maintain a maximal matching M/
in G, that is obtained by extending the matching M’ to the vertices
of VI _In order to do so, they exploit the fact that each such vertex
may only have relatively few neighbors in V1°%. One can think of
the parameter B in their EDCS data structure as playing a simi-
lar role to the parameter z in the z-subgraph system, with vertex
sets Vhigh ymed apq y1ow ¢orresponding to sets A, B and U, respec-
tively, in the z-subgraph system. However, there are several crucial
differences between the two data structures. The first difference is
the sharper degree bounds that are required for the vertices of S
in the subgraph system. For example, this allows us to decompose
the set M of edges into (z + 1) disjoint matchings My, ..., Mz41 so
that, for every vertex v € S, all but at most one of the matchings M;
contain an edge incident to . Additionally, Properties P1 and P2 of
the z-subgraph system are specifically designed so as to make the
task of maintaining a maximal matching in G easier, and it is not
clear how to ensure these properties in the EDCS data structure.
We also believe that the z-subgraph system is a simpler data struc-
ture, in that, it is both easier to construct and manipulate. In fact
our final algorithm for maximal matching with n1/2+0(1) amortized
update time uses a multi-level generalization of this data structure,
that is constructed from the basic data structure using a recursive
algorithm. The multi-level subgraph system is specifically designed
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to allow an efficient recursive refinement of the parameters of the
subgraph system.

Our algorithm for dynamic maximal matching uses two main al-
gorithmic tools. The first tool allows us to construct a z-subgraph
system of a graph G in time O(|V(G)| + |E(G)|). The second tool
allows us to maintain a maximal matching in a graph G undergoing
a bounded number of edge deletions, given a z-subgraph system
for the initial graph G. We now describe each of these tools in turn.

Constructing a z-subgraph system. We provide a simple algorithm,
that, given an n-vertex and m-edge graph G, constructs a z-subgraph
system (S, B,U, M, A, L) for G. The algorithm consists of two steps.
In the first step, we construct a z-subgraph system for G that has
all required properties except for, possibly, Property P1. Then in
the second step we “fix” this subgraph system, to ensure that it has
all required properties.

The algorithm for the first step is quite straightforward. We con-
struct a maximal set M C E(G) of edges with the following property:
every vertex of G has at most z edges incident to it in M. Such an
edge set can be constructed in O(n + m) time using a straightfor-
ward greedy algorithm. For every vertex v € V(G), let m(v) denote
the number of edges of M incident to v. We then let S contain all
vertices v with m(v) = z and U contain all remaining vertices of G.
From the maximality of M, it is immediate to verify that, for every
vertex u € U, [Ng(u) NU| < z. We also partition the vertex set
S into two subsets: set A containing every vertex v € S such that
every edge (v,v”) of M incident to v connects v to a vertex in S; and
set B containing all remaining vertices of S. Finally, we initialize
the lists {A(u) },,cy and {L(v)} 4, in time O(n + m). It is easy to
verify that this data structure has all properties required from the
z-subgraph system, except for, possibly, Property P1.

In the second step, we modify the subgraph system computed in
the first step, in order to ensure that it has Property P1. In order
to do so, we process every vertex of U one by one. When a vertex
u € U is processed, we check whether |Ng (¢) N B| > z holds. If so,
we insert edges connecting u to vertices of B into M, until m(u) = z
holds, and u can be moved from u to S, where it joins the set B.
Note that, if an edge (u, v) connecting u to a vertex v € B is inserted
into M, then, in order to ensure that m(v) = z continues to hold,
we need to delete another edge connecting v to a vertex of U from
M. Whenever a vertex v € B loses all edges of M connecting it to
vertices of U (that is, Property P2 holds for v), we move it from B
to A. This ensures that, as long as a vertex v remains in B, there is
an edge of M connecting it to a vertex of U; this, in turn, allows
us to perform “edge switching” described above, when an edge
connecting v to some new vertex u € U is inserted into M, and an
edge connecting v to another vertex of U is deleted from M. It is not
difficult to efficiently implement this step, and to update the lists
{A(u)},cy and {L(v)},c at the end of this step, in time O(n+m).
At the end of this procedure we obtain a valid z-subgraph system
for G.

Our algorithm uses the parameter z = {nz/ 3J. Unlike the algorithm
of [BBKS25], that maintains the EDCS data structure for the input

dynamic graph G over the course of the entire algorithm, we only
compute the z-subgraph system for the graph G from time to time.
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Specifically, we partition our algorithm into phases, each of which
spans exactly r = [n4/ 3J updates by the adversary (except for the

last phase that may be shorter). We compute the z-subgraph sys-
tem for G from scratch at the beginning of every phase, in time
O(JE(G)| +|V(G)]) < O(n?). Since this computation is amortized
over r updates to G that occur during the phase, we get that comput-
ing the z-subgraph system at the beginning of every phase can be
executed in amortized O(nz/ 3) update time. Our second main tool
is an algorithm that exploits the z-subgraph system in the initial
graph G (at the start of a phase) in order to maintain a maximal
matching in G over the course of a phase spanning r edge deletions.
We describe this algorithm next.

Maintaining a maximal matching via the z-subgraph system. We
now describe our algorithm for implementing a single phase. We
assume that we are given an n-vertex graph G (corresponding to
the input dynamic graph G at the beginning of the current phase),
that undergoes an online sequence of r > n edge deletions. We also
assume that we are given a z-subgraph system S = (S, B,U, M, A, L)
for the initial graph G. We now describe an algorithm that exploits
this subgraph system in order to maintain a maximal matching
in G. As our first step, we use the almost linear-time deterministic
algorithm of [ABB*26] for edge coloring in order to compute, in

.» Mz41) of the set M of edges

from the subgraph system into z + 1 disjoint matchings (here, each
color class defines a matching). Recall that, from the properties of
the subgraph system, every vertex v € S has z edges incident to
it in M; so there is at most one index 1 < i < z + 1, such that v

is not matched in M;. Therefore, in a typical matching M;, all but
21S|

at most = vertices of S are matched. We assume without loss of
generality that matching M has this property. Over the course of
the algorithm, we may modify the matching M; by deleting some
edges from it, and by inserting edges of M into it, so M; € M will
always hold. The remaining matchings Mp, . .., Mz4+1 only undergo
the deletions of edges that the adversary deletes from the graph
G. Since G undergoes a sequence of r edge deletions, for most
indices 2 < i < z + 1, the number of edges of M; that are deleted
by the adversary over the course of the algorithm is bounded by
%. It is then not hard to see that, at all times, there is an index
2 < i £ z+ 1, such that the number of vertices of S that are not
matched by M; is bounded by @ + 4;’ < %; denote this bound
by 7. We partition each phase of the algorithm into subphases, each
r

time O (n“o(l) . z), apartition (M, ..

of which spans |_ J ~ n®/3 adversarial updates to graph G, so that
the number of subphases is bounded by 2z. We will ensure that, at
the beginning of every subphase, all but at most 7 = 32
of S are matched by M;. Over the course of each subphase, our
algorithm may delete edges from Mj, but it ensures that every edge
deletion by the adversary may lead to at most two edge deletions
from M;. Since at most Z adversarial edge deletions may occur

vertices

during a subphase, this ensures that, overall, at most 3;’ edges may
be deleted from M; over the course of a subphase, and so at most %
additional vertices of S may become unmatched during a subphase.
Therefore, the following crucial invariant holds over the course of

the subphase.
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(I1) Throughout the subphase, all but at most 27 = 2~ vertices of

S are matched by M.

Over the course of a subphase, our algorithm maintains a matching
M?* that contains all edges of Mj, such that, at all times, M* is a
maximal matching in G. Recall that our algorithm ensures that
M; € M holds at all times. Since, from Invariant P2 of the subgraph
system, for every vertex a € A, every edge of M incident to a
connects it to a vertex of S, from Invariant I1, we get that all but
at most 27 vertices of A are matched to vertices of S by M;. Recall
that M; € M*, so the only way that a vertex a € A is matched to
a vertex of U by M* is if a is not matched by Mj. Therefore, the
following property is also guaranteed to hold over the course of
the subphase:

(I2) Throughout the subphase, the number of vertices of A that are
matched by M* to vertices of U is bounded by 27 = %.

Recall that, at the beginning of a subphase, we are given a matching
Mj in G, such that all but at most 7 vertices of S are matched by
M. Throughout the algorithm, we denote by S the collection of all
vertices v € S that are currently not matched by M*. From Property
I1, || < 27 always holds. We start by setting M* = M;, and then we
extend M* to be a maximal matching in a relatively straightrforward
manner, by inspecting all vertices of U and checking whether we
can insert an edge connecting a vertex of U to vertices of UUBU S
into M*. We also iteratively check whether an edge connecting a
pair of vertices in S can be inserted into M*. Since |S| < O(r/z)
and, for every vertex u € U, [Ng(u) NU| < |A(u)| < O(z), this can
be done in time O(nz + nr/z).

Throughout the algorithm, we say that a vertex v € V(G) is settled
if either (i) some edge of M* is incident to v; or (ii) for every vertex
y € Ng(v), some edge of M* is incident to y. It is easy to verify
that matching M* is maximal if and only if every vertex of G is
settled. Whenever an edge e = (u,v) is deleted from M*, we execute
a procedure that attempts to rematch each of its endpoints; in order
to rematch a vertex x, we need to either insert an edge incident to x
into M*, or verify that every vertex in Ng(x) is currently matched
by M*. In other words, we need to ensure that x is settled.

Intuitively, it is easy to rematch vertices of U efficiently. Specifically,
consider a vertex u € U that needs to be rematched. Recall that
[NGg(u) N U| < O(z), so we can check, in time O(z), whether
some vertex u’ € Ng(u) N U is currently not matched by M*,
and, if so, insert the edge (u,u’) into M*. Additionally, we can
scan every vertex of § (recall that S contains all vertices of S that
are currently not matched, and that |S| < O(r) < O(r/z)), to
check whether u can be matched to a vertex of S that is currently
unmatched. Therefore, the procedure for rematching a vertex of
U can be implemented in time 0 (z + g) Moreover, rematching
the vertices of B is also relatively easy, as long as we maintain
an appropriate data structure: namely, a directed graph H, whose
vertex set is B U U, and whose edge set contains, for every vertex
u € U that is currently unmatched in M*, an edge connecting u to
every vertex in Ng(u) N (BUU) = A(u). Recall that [A(u)| < O(z),
so, whenever a vertex u switches its status between matched and
unmatched in M*, we can insert all edges connecting u to vertices
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of A(u), or delete them from H, as needed, in time O(z). Whenever
a vertex b € B becomes unmatched, we can then check whether H
contains an edge (u, b) entering b in H. If so, then vertex u must
be currently unmatched by M*, and we can insert the edge (u,v)
into M*. If b has no incoming edges in H, then we are guaranteed
that every vertex in Ng(b) N U is currently matched by M*. We
then scan the vertices of S in order to check whether b can be
matched to a vertex of S that is currently unmatched by M*, in time
0(|S]) < O(r/z). Overall, we can execute a rematching procedure
for a vertex of BU U in time O(z + r/z), and we can maintain the
graph H that allows us to rematch the vertices of B efficiently in
time O(z) per update.

The main challenge of the algorithm is in rematching the vertices
of A. The problem is that a vertex a € A may be incident to a large
number of vertices of U in G (recall that all such vertices are stored
in list L(a)), and, moreover, every vertex of U may be incident to a
large number of vertices of A. Therefore, whenever a vertex a € A
loses an edge of M* that is incident to it, it is not clear how to check
whether a can be matched to a vertex of U efficiently. Our main idea
is to give the vertices of A a priority in rematching, exploiting the
fact that vertices of BU U are relatively easy to rematch. Therefore,
when attempting to rematch a vertex a € A, we allow ourselves
to delete at most one edge from M* (and from M), provided that
this edge deletion only affects vertices in BU U, which we can then
rematch efficiently. Specifically, recall that, from Invariant 12, at
most 27 = %r vertices of U may be matched to vertices of A at all
times. Therefore, either L(a) = Ng(a) N U contains at most %”
64r

vertices, or among the first + 1 vertices of L(a), there must be
some vertex u that is not currently matched to a vertex of A by
M*. We then insert the edge (g, u) into M*, and, if another edge
(u,u’) incident to u lies in M*, we delete this edge from M* (and
from My, if (u,u’) € My). Notice that u’ € BU U must hold, so we
can rematch u’ efficiently. Therefore, in order to rematch a vertex
a € A, we only need to scan O(r/z) vertices of L(a), and O(r/z)
vertices of S. Overall, as long as Invariant 12 holds, we can maintain
a maximal matching in M* in amortized update time O (z + ).

From our discussion so far, in order to guarantee that Invariant
I2 holds, it is enough to ensure that, at the beginning of every
subphase, all but at most 7 = % vertices of S are matched by M.
As shown above, we are guaranteed that, at all times, there is an
index 2 < i < z + 1, such that all but at most 7 vertices of S are
matched by M;. Therefore, the most natural approach would be to
simply replace M; with a matching M; that has this property at the
beginning of every subphase. The problem is that we would then
need to extend this matching to vertices of U and construct the data
structure H from scratch, which is too time consuming (we can
afford to do so once at the beginning of the algorithm, but not at the
beginning of every subphase). Instead, we use the graph M; U M;
in order to gradually augment the matching M; via augmenting
paths originating at vertices of S that are unmatched by M;j, so
as to reduce the number of such vertices. This approach ensures
that only O(r/z) vertices of G may switch their status between
matched and unmatched in Mj, which, in turn, allows us to repair
the matching M* efficiently. At the end of this “repair” procedure,
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we are guaranteed that all but at most 7 vertices of S are matched
by M, and that M* is a maximal matching for G with M; € M*.

Overall, our algorithm spends O (n”o(l) . z) time in order to com-

pute the initial collection Mj, ..., Mz41 matchings. After that, it
spends O (z + L) time per update. Intuitively, we spend O(z) time
per update in order to rematch vertices of U (as each such vertex
may have up to ©(z) neighbors in U); equivalently, every time a
vertex of U switches its status between matched and unmatched in
M*, we may need to spend up to ©(z) time in order to update its
outgoing edges in graph H. Additionally, since the adversary may
delete r edges over the course of the algorithm, it is possible that,
for every matching M;, Q(r/z) vertices of S become unmatched
in it. Therefore, in particular, M; may contain as many as ©(r/z)
vertices of S that are currently unmatched. Whenever any vertex v
of G becomes unmatched, we need to inspect all vertices of .§ in
order to check whether v can be matched to these vertices, which
may require O(r/z) time. (Note a vertex of U can be incident to
an arbitrarily large number of vertices of A in G and vice versa,
so we do not have a more efficient way to check whether a newly
unmatched vertex can be rematched to vertices of A). We note that
it is not hard to adapt this algorithm to work with a slightly more
relaxed definition of the z-subgraph system, where we only require
that, for every vertex v € S,z—k < m(v) < zholds for some param-
eter k < z; in this case, the amortized update time of the algorithm

is bounded by O (z + r—zk) We will use this relaxed definition of the
subgraph system later.

Overall, including the time required to compute the z-subgraph
system at the beginning of every phase, our algorithm spends time
0] (n2 +nlto) .z (z+ 5)) per phase, which leads to

~ 2+ 1+o(1) , . .

0] (% +z+ 2) amortized update time, as every phase con-
tains r adversarial updates to G. Substituting z = {nz/ 3J and

r= {n4/3J, we get O (n2/3) update time overall.

1.3 Obtaining a Faster Algorithm

Observe that our algorithm for maintaining a maximal matching
from a z-subgrpah system has amortized update time O ( 4 z);ata
very high level, additive factor z accounts for rematching vertices of
U, since each such vertex may have up to ©(z) neighbors that lie in
U, while additive factor Z accounts for the fact that every matching
M; may have up to © (%) vertices of A that are not matched in it.
Both these bounds appear to be fundamental bottlenecks for this
approach. Therefore, in order to obtain a faster amortized update
time, we need to make sure that both the parameters z and r are
significantly smaller; in particular, the length r of every phase
must be reduced. However, computing the z-subgraph system from
scratch at the beginning of every phase requires Q(|E(G)|) time,
which may be as high as Q(n?), and decreasing the length of each
phase means that this computation needs to be repeated more often,
which will lead to a higher amortized update time.

In order to overcome this difficulty, we use a recursive approach.
We use a parameter r; that is sufficiently high, and partition the
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timeline into level-1 phases, each of which spans rq adversarial edge
deletions (except for possibly the last phase that may be shorter). At
the beginning of every level-1 phase, we construct a z1-subgraph
system S for G exactly as before; in order to ensure that this sub-
graph system does not sustain too much damage over the course
of the phase due to edge deletions, we need to ensure that the
parameter z; is sufficiently high. However, we do not use this sub-
graph system directly in order to maintain a maximal matching
in G. Instead, we design an algorithm that, given a z;-subgraph
system for G, constructs a new zz-subgraph system, for any chosen
parameter z; < z1, in time rougly O (n1+0(1) . 21); note that, if the
input graph G is sufficiently dense and the parameter z; is not too
high, this running time may be significantly lower than ©(|E(G)|).
We then select an appropriate parameter r3 < rq and partition every
level-1 phase into level-2 phases, each of which spans rp adversarial
edge deletions. Consider now a level-1 phase @, and let S be the
z1-subgraph system computed at the beginning of Phase ®. Let
®’ C @ be a level-2 phase that is contained in ®. We denote by 7
and 7’ the times when the phases ® and @’ started, respectively,
and we denote by G(*) and G(*) the graph G at time 7 and 7’,
respectively. Let Ep denote the set of all edges that the adversary
deleted from G during the time interval [z, 7”). We do not delete
the edges of Ep from the subgraph system S. Instead, we use S
in order to construct a subset El’:) C Ep of at most z—f -|Ep| edges,
and a zy-subgraph system S’ for the graph G’ = G(?) \ (Ep \ E)
(note that, equivalently, G’ is the graph that is obtained from the
current graph G7) by inserting the edges of E7, into it). Then we
apply the algorithm for maintaining a maximal matching in G’,
given a zz-subgraph system S’ for it. This algorithm first processes
the deletions of the edges of E}, from G’ as adversarial updates

to ensure that G’ = G(7), before processing the edge deletions
from G that the adversary performs during the level-2 phase @’.
Since our algorithm for constructing a z3-subgraph system from
a z1-subgraph system is more efficient than the O(|E(G)])-time
algorithm that constructs a subgraph system for G from scratch (if
G is sufficiently dense), we can afford to execute it more often. This
allows us to ensure that the length r of level-2 phases is shorter,
and the corresponding parameter z; is smaller, leading to a faster
running time of the algorithm that maintains a maximal matching
given a subgraph system.

We now briefly describe our algorithm for constructing a za-subgraph
system from a z;-subgraph system, in order to motivate the multi-
level subgraph system that our algorithm uses. Recall that we are
given as input a graph G (which we previously denoted by G’),
a zj-subgraph system S = (S,B,U, M, A, L) for G, and a subset
Ep C E(G) of edges (these are the edges that were already deleted
from G by the adversary but we do not implement these edge
deletions yet, that is, Ep € E(G) currently holds). Our goal is
to construct a subset E’D C Ep of at most i—f - |Ep| edges, and
a zz-subgraph system S’ = (S$’,B’,U’,M’,A’,L’) for the graph
G=G\ (Ep \E'D). In order to do so, we use the almost linear-time
deterministic algorithm of [ABB*26] for edge coloring in order

(1) ., - Mzys1) of

the set M of edges from the subgraph system S into z; + 1 disjoint

to compute, in time O (n ) a partition (M, ..
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matchings. For all 1 < i < z1 +1, we denote by w; = |M; NEp|, and
we reindex the matchings so that w; < wp < --- < w41 holds.
We then let M’ = Ufil M; and Ef; = Ep N M. Tt is easy to verify
that |[E[| < z—i - |[Ep|, as required. Let G = G \ (Ep \ E},), and
let 8’ = (S',B’,U’,M’, A’, L") be a subgraph system for G, where
M’ is the set of edges we have just constructed, S’ = S, B’ = B,
and U’ = U; for now we ignore the data structures A’ and L’ but
we will revisit them later. For every vertex v € V(G), let m’(v)
denote the number of edges of M’ incident to v. Recall that, from
the properties of the z;-subgraph system S, for every vertex v € S,
m(v) = z1 held, so there is at most one matching M; that does not
contain an edge incident to v. It is then easy to verify that, for every
vertex v € S’, zo — 1 < m’(v) < zp must hold, and for every vertex
v € V(G), m’(v) < zo. The subgraph system S’ therefore almost
has all required properties, except for the following: first, it is re-
quired that, for every vertex u € U, [N (u) NU| < z; holds, but we
are only guaranteed that [Nz (u) N U| < z1 from the properties of
the z;-subgraph system S. Additionally, it is required that, for every
vertex u € U, [Ny (u) N B| < z3 holds, but we are only guaranteed
that [Nz (u) N B| < 2z; from the properties of the z;-subgraph
system S. In our next step, we “fix” this problem by processing
every vertex u € U one by one. Recall that, for each such vertex u,
we are given the list A(u) = Ng(u) N (B U U) of vertices as part of
the z;1-subgraph system S. If A(u) contains at least z; vertices of
B’ UU’, we insert into M” additional edges connecting u to vertices
of U’ UB’, so that m’(u) = z holds, and then move u from U’ to S,
where it joins the vertex set B’. As before, if we insert into M’ an
edge (u,v) with v € B, then we may need to delete another edge
connecting v to a vertex of U’ from M’ to ensure that m’(v) < z,
continues to hold. As before, every vertex of B’ that loses all edges
of M’ connecting it to vertices of U’ is “promoted” to set A’. It
is not difficult to implement this step to run in time O(nzi), by
exploiting the lists A(u) for vertices u € U that are given as part of
the subgraph system S.

Generally, this approach allows us to compute the desired z3-subgraph
system S’ for the graph G, except for the following critical issue:
at the end of this procedure we need to construct, for every vertex
ve A alist L’ (v) = Ng(o) N U’. In order to do so, we can exploit
the data structures L U A that are given as part of the z;-subgraph
system S. The problem is that, for every vertex a € A, the initial
list L(v) may be arbitrarily long, and it is possible that every vertex
u € U has a large number of neighbors in G that lie in A. Therefore,
if u is promoted from U’ to S’, we may need to update a large
number of the lists L’ (v), which we cannot afford. At the same
time, these lists are crucially used by our algorithm for maintain-
ing a maximal matching in G, so it is important to maintain them
correctly.

In order to overcome this difficulty, we slightly change the definition
of the subgraph system, to a multi-level subgraph system. The new
definition allows us to avoid the difficulty outined above, so we do
not need to update the lists L(v) for vertices that lie in the initial
set A. We then slightly modify the algorithm for maintaining a
maximal matching in G, so that it can work with this modified
definition of the subgraph system.
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We now provide the description of the 2-level subgraph system.
In order to provide intuition and motivation for its construction,
consider the initial z;-subgraph system S = (S, B,U, M, A, L), and
the (incomplete) new zz-subgraph sysetm S’ = (S’, B’,U’, M’) that
we constructed above (recall that we did not construct the required
data structures A” and L’).

The 2-level z-subgraph system for a graph G is defined very sim-
ilarly to the basic z-subgraph system: it consists of a partition
(A,B,U) of V(G), where we denote by S = AU B, and a set M of
edges of G. As before, for every vertexv € V(G), we denote by m(v)
the number of edges of M incident to v. We require that, for every
vertexov € S,z—1 < m(v) < zholds, and for every vertexu € U, the
following three properties hold: m(u) < z; [Ng(u) N U| < z; and
NG (u) NB| < 2z. For every vertex u € U, the subgraph system also
needs to contain the list A(u) = Ng(u) N (BUU) of vertices, whose
length must be O(z). So far, the definition of the 2-level z-subgraph
system is essentially identical to that of the basic z-subgraph sys-
tem. The main new ingredient is that the 2-level subgraph system
must contain a partition (Aj, Az) of A (for intuition, we can think
of Aj as the set A of vertices in the initial subgraph system S, and
of Ay as the set A’ \ A of all vertices that were added to A when
constructing S’). Additionally, the subgraph system must contain
a subset N7 C A U B of vertices, such that, for every vertex v € Aj,
for every edge (v,0”) € M that is incident to v, v’ € A; U N; must
hold. Intuitively, Nj corresponds to the set B of vertices in the initial
subgraph system S. We then denote by Ry = V(G) \ (A1 UN;), and
require that, for every vertex v € Ay, the list L(v) contains all ver-
tices in Ng(v) N R;. Intuitively, Ry corresponds to the initial set U
of vertices in the subgaph system S, and this definition is designed
so that that the lists L(v) for vertices v € A; do not need to undergo
major updates when constructing the z2-subgraph system S’ from
the z;-subgraph system S. For every vertex v € Ay, we require, as
before, that, for every edge (v,v”) € M’ incident to v, v’ € S holds,
and that L(v) contains all vertices of Ng(v) N U. For consistency
of notation, we denote Ny = B and Ry = U. This definition ensures
that the algorithm we outined above can indeed be used in order
to construct a zz-subgraph system from a z;-subgraph system in
time O(n'*°()) . z;), though the resulting z;-subgraph system will
be a 2-level system. We then adapt our algorithm for maintaining a
maximal matching from a subgraph system, so that it works with a
2-level subgraph system.

The latter algorithm remains largely unchanged, except that Invari-
ant I1 now implies that, in addition to Invariant 12, the following
invariant also holds:

(I3) Throughout the phase, the number of vertices of A; that may
be matched by M* to vertices of R; is bounded by 27 = %.

The remainder of the algorithm remains unchanged, except in how
it handles rematching the vertices of A. The idea here is that it
is easy to rematch vertices of B U U using the same algorithm as
before. Whenever we need to rematch a vertex a € Ay, we also
employ the same algorithm as before, that may delete an edge that
unmatches a vertex of B U U, which is then rematched as before.
However, rematching vertices of A; is done slightly differently. In
order to rematch a vertex a € Ay, we scan the first 27 + 1 vertices
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of the list L(a) = Ng(a) N Ry, until we encounter the first vertex
v that is not matched to a vertex of A;. From Invariant I3, some
vertex v from among the first 27 + 1 vertices of L(a) must have this
property. We then insert the edge (a,v) into M*, and, if another
edge (v,0’) incident to v currently lies in M*, we delete it from
M* (and from M if it lies there). Notice that, from the choice of v,
vertex v may not lie in Ay, so we can rematch it using one of the
procedures outlined above.

In order to optimize the final running time of the algorithm, we use
a natural extension of the above 2-level construction to an arbitrary
number k of levels. Our final algorithm employs k = O(log n) levels,
and parameters z1 > zz > -+ > z}, where z1 = n, zj is close to
\n,and forall 1 < i < k, z; = z;—1/2. As before, we partition the
update sequence into a number of level-1 phases of an appropriate
length, and, at the beginning of every level-1 phase, we construct
a basic z;-subgraph system using the O(m + n) time algorithm
outlined above. Generally, for all 1 < i < k, every level-(i — 1)
phase is partitioned into two level-i phases of roughly identical
length, and, at the beginning of every level-i phase, we construct
an i-level z;-subgraph system using the (i — 1)-level z;—1 subgraph
system constructed at the beginning of the current level-(i — 1)
phase. This way we obtain, at the beginning of every level-k phase,
a k-level zp.-subgraph system. Our recursive construction ensures
that zj is close to y/n, and that every k-level phase spans roughly
n adversarial updates. We then employ the algorithm we outlined
above in order to maintain a maximal matching in G over the course
of a level-k phase, using the k-level z;-subgraph system for the
graph G at the beginning of that phase.

2 Preliminaries

All logarithms in this paper are to the base of 2. Given an integer
k > 1, we denote by [k] = {1,...,k}.

By default, all graphs considered in this paper are undirected, unless
stated otherwise. Given a graph G = (V, E), for every vertex v € V,
we denote by g (v) the set of all edges of E that are incident to v,
by Ng(v) = {u € V| (u,0) € E} the set of neighbors of v in G, and
by deg;(v) = |86 (v)| = ING(v)| the degree of v in G.

Given a graph G = (V,E), a matching in G is a subset M C E
of edges, such that, for every vertex v € V, at most one edge in
M is incident to v. We say that a vertex v is matched by M, if M
contains an edge incident to v, and we say that it is not matched, or
unmatched by M otherwise. A matching M in G is maximal if, for
every edge e € E \ M, the edge set M U {e} is not a valid matching;
equivalently, for every pair u, v € V of vertices that are not matched
by M, (u,v) ¢ E must hold.

Throughout the paper, all lists are implemented as binary search
trees to support O(log n) time insertion, deletion and lookup. All
dynamic graphs are stored in adjacency list form, with each vertex
maintaining its neighbors using a binary search tree.

Fully dynamic graphs. A fully dynamic graph is a graph G that
undergoes an online sequence of adversarial updates, where every

update either deletes a single edge from G or inserts an edge into G.
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We usually denote by G the initial graph G, before any updates,
and, for an integer 7 > 0, we denote by G the graph G at time r,
that is, after the first 7 adversarial updates are applied to it.

Edge coloring. Given a graph G, an edge coloring of G with k colors is
an assignment of a color c(e) € {1,...,k} to every edge e € E(G),
such that, for every vertex v € V(G), all its incident edges are
assigned distinct colors. Equivalently, for all 1 < i < k, the set
{e € E(G) | c(e) = i} of edges must define a matching.

Vizing’s theorem [Viz64] states that any simple n-vertex and m-
edge graph with maximum degree A can be edge-colored using at
most A + 1 colors, and the algorithmic proof yields a determinis-
tic O(mn)-time algorithm for finding such a coloring. Subsequent
work has focused on improving this running time, culminating
in a randomized O(mlog A)-time algorithm [ABB*25] and a very
recent deterministic O(m*°(1))-time algorithm [ABB*26]. We use
the latter algorithm, summarized in the following theorem.

THEOREM 2.1 (THEOREM 1.1 OoF [ABB*26]). There is a deterministic
algorithm, that, given a simple n-vertex and m-edge graph G with
maximum vertex degree A, computes an edge coloring of G with
(A + 1) colors. The running time of the algorithm is

(0] (m -20(Vlogh) -logn) <0 (m . n°<1)).

We remark that the amortized update time of our algorithm for
dynamic maximal matching can be improved from O(nt/%oM) 1o
O(n'/2) (against an adaptive adversary) by using the randomized
(A + 1)-edge coloring algorithm of [ABB*25] instead.

3 Main Algorithm: Proof of Theorem 1.1

In this section we provide our main result - the proof of Theorem 1.1.
We start by describing the main new technical tool that we use — the
multi-level subgraph system, and the two key subroutines used in
our algorithm. The first subroutine allows us to efficiently compute
a multi-level subgraph system with appropriate parameters. The
second subroutine allows us to maintain a maximal matching in
a fully dynamic graph G, over a limited number of updates, given
such a system. We only state the theorems summarizing these two
subroutines in this section, and we defer their proofs to the full
version of the paper. We then complete the proof of Theorem 1.1
using these tools.

3.1 A Multi-Level Subgraph System

The main new tool that we use is the multi-level subgraph system,
that we define next.

DEFINITION 3.1 (MULTI-LEVEL SUBGRAPH SYSTEM). Let G be an n-
vertex graph, and letk > 0 and 1 < z < n be integral parameters. A
k-level z-subgraph system for G consists of the following ingredients:

o A subset M C E(G) of edges. For every vertexv € V(G), we
denote by m(v) the number of edges of M that are incident to v,
and we require that the following property holds:

(P1) For every vertexv € V(G), m(v) < z;
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o A partition (S,U) of V(G), for which the following properties
hold:

(P2) No edge of M has both endpoints in U;
(P3) For every vertexv € S, m(v) > z—k+1; and
(P4) For every vertexu € U, |[Ng(u) NU| < z.

o A partition (A, .
erty:

.., Ay, B) of S that satisfies the following prop-

(P5) For every vertexu € U, |[Ng(u) N B| < 2z.

e For every vertexu € U, a list A(u) = Ng(u) N (BUU), whose
length must be O(z);

Foralll <i <k, wedenote by AS! = AjU---UA; and by A% =
A; U - - U Ayg. For consistency, we also denote ASO — A2k+l _ g

e Foralll < i < k, a vertex set N; C A% U B, and the vertex
set R = (AZ*1 U BUU) \ N; such that the following properties
hold:

(P6) For every vertexv € A;, for every edge (u,v) € M incident to
v,u € N; UAS!: and

(P7) U=R CR_1C---CRy.

e Forall1 < i < k, for every vertex v € A;, the list L(v) =
Ng(v) NR;.

We denote the k-level z-subgraph system by
S = (S, B,U, M, {Ai,Ni,Ri}éc:l ,A,L), where A = {A(u)},cy and
L= {L(U)}Z)EA‘

Note that, from Property P7, Ry = U must hold, and so Nj. = B, and
A=k U B = S must hold. Requirement P6 for the vertices of Ay, is
then equivalent to the requirement that, for every vertex v € Ay,
for every edge (u,v) € M incident to v, u € S must hold.

For intuition for the definition of the multi-level subgraph system,
consider the sets Ay, ..., Ag, B, U as being “stacked” on top of each
other (see Figure 1a), so for 1 < i < k, we view the sets Ay, ..., Aj—1
as lying “above” A;, and Aj41 - -+ , A, B, U as lying “below” it. The
set of all vertices that lie below A; is partitioned into two subsets N;
and R;, with U C R;. The requirement is that, if an edge (u,v) € M
connects a vertex u € A; to a vertex v that lies below A;, then
v € N; must hold; so in particular v ¢ U (see Figure 1b). Moreover,
from Property P7, M may not contain edges connecting vertices
that lie above A; to vertices of R;. On the other hand, every vertex
v € A; must store a list L(v) = Ng(v) N R;; these lists may be
arbitrarily long. Lastly, the set B and U must have the property that,
for every vertex u € U, the number of its neighbors in G that lie
in BU U is small (at most O(z)), and all such neighbors must be
stored in list A(u); note that u may have arbitrarily many neighbors
in S \ B. We note that we could have defined, forall 1 < i < k,
N; = AZ"*1 U B and R; = U. The main problem with this definition
is that, since the lists L(v) for v € S \ U may be arbitrarily long, it
is challenging to construct them efficiently enough, when building
a k-level subgraph system from a (k — 1)-level subgraph system.
With the current definition, we can allow the sets Nj and the lists
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Ay

Ak

(a) Stacking the sets Ay, .. ., u € U satisfies

ING(w) N (UUB)| <0(2).

A, Band U. Every vertex

Al/O

N; \ AL
s | 8

R;
U

(b) N; is the green region and R; is the red region. For every edge
e = (u,0) € M with v € A;, its other endpoint u must lie in the green
or the blue region. No edges of M may connect vertices in the blue
region to vertices in the red region.

Figure 1: Illustration of the subgraph system

L(v) forv € A;, forall 1 <i < k — 1, to remain unchanged when
constructing a k-level subgraph system from a (k — 1)-level one,
resulting in a much more efficient algorithm.

3.2 From Subgraph System to Fully Dynamic
Maximal Matching

A central ingredient of our approach is an algorithm that, given
a fully dynamic graph G and a k-level z-subgraph system S for
an initial graph G (that is not assumed to be empty), maintains a
maximal matching in G, as it undergoes an online sequence of (a
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limited number) of edge insertions and deletions. The algorithm is
summarized in the following theorem, whose proof appears in full
version.

THEOREM 3.2. There is a deterministic algorithm, whose input consists
of an initial n-vertex graph G given in the adjacency-list representa-
tion, together with integral parameters 0 < k <lognand1 <z <n,
and a k-level z-subgraph system S for G. The algorithm maintains a
maximal matching in G, as it undergoes an online sequence of at most

n edge insertions and deletions, in total time O (n1+0(1) 2+ g))

3.3 Algorithms for Constructing a Subgraph
System

We start with the following theorem, that provides an efficient
algorithm for computing a 1-level z-subgraph system for a graph
G, for any given integral parameter 1 < z < n.

THEOREM 3.3. There is a deterministic algorithm, that, given an n-
vertex and m-edge graph G and a parameter z € [n], constructs a
1-level z-subgraph system S = (S, B,U, M, A1, N1,R1, A, L) for G, in
time O(n + m).

Note that the running time of the algorithm from Theorem 3.3 may
be as high as Q(n?), if the input graph G is dense. Therefore, we
cannot afford to recompute the subgraph system too often. For
example, if our goal is to obtain an algorithm for maximal matching
whose amortized update time is nl/2+0(1) then we can only afford
to recompute it every time the adversary makes roughly n3/2 edge
updates to the graph G. On the other hand, the running time of the
algorithm from Theorem 3.2, that maintains a maximal matching
in G given an initial subgraph system, is O (n“'o(l) (z+ g)) for
n updates; therefore, if our goal is to achieve amortized update
time n!/2+°(1) we should choose z to be roughly +/n. Lastly, if
the parameter z is not too large, then the initial subgraph system
may become significantly damaged after a relatively small number
of edge deletions by the adversary, so, for example, after w(n)
edge updates to G, the subgraph system computed for the initial
graph G may no longer be possible to reuse by the algorithm from
Theorem 3.2 in order to continue and maintain a maximal matching
in G.

In order to overcome these difficulties, we select a parameter k =
O(logn), and a sequence z; > z3 > - -+ > zj of integral parameters,
where z1 is close to n and z is close to /n, while % = 2 for
all 1 < i < k. Our algorithm will construct a 1-level z;-subgraph
system every once in awhile (after a sufficiently large number of
edge updates by the adversary). We will not use this subgraph
system in order to maintain a maximal matching in G directly;
instead, we will use it in order to compute a 2-level z3-subgraph
system. This subgraph system, in turn, will be used in order to
compute a 3-level z3-subgraph system and so on.

The key tool that we use is an algorithm that, given an h-level
z-subgraph system for a graph G, efficiently constructs an (h + 1)-
level z’-subgraph system for G, for a given parameter z’ < z. The
main idea is that the h-level z-subgraph system can be exploited
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in order to speed up the construction of the z’-subgraph system
(but unfortunately this speedup comes at the cost of increasing the
number of levels in the subgraph system); the running time of the

algorithm is bounded by O (n1+°(1) . z), which may be significantly

smaller than |E(G)| if G is sufficiently dense and the parameter z is
sufficiently small. This speedup allows us to compute the subgraph
systems for higher levels i more often, and this is what allows us
to set the parameters z; to be progressively smaller (recall that
the smaller the parameter z of the subgraph system, the faster the
adversary may destroy the subgraph system via edge deletions, so a
subgraph system with a lower parameter z needs to be recomputed
more often; therefore, we need to ensure that its computation is
more efficient).

For technical reasons, in our algorithm that computes an (h + 1)-
level z’-subgraph system from an h-level z-subgraph system, we
assume that we are given, as part of input, a subset Ep C E(G) of
“deleted” edges, and we would like to ensure that the new (h + 1)-
level subgraph system only contains a limited number of such edges.
Intuitively, these are edges that were deleted by the adversary since
the h-level subgraph system was constructed, but we temporarily
keep them in G because their removal may have a large impact
on the h-level subgraph system. Instead, we will ensure that the
final k-level subgraph system only contains few such edges. We
also assume that we are given a set Ey of edges that do not lie in
the input graph; these are edges that the adversary has inserted
into G since the h-level subgraph system was constructed but they
were not yet incorporated into the h-level subgraph system (so for
example there may be many such edges connecting a vertex u € U
to other vertices in U). We require that these edges are incorporated
into the new (h+ 1)-level subgraph system. The following theorem,
whose proof appears in the full version, provides an algorithm for
constructing an (h + 1)-level z’-subgraph system from an h-level
z-subgraph system.

THEOREM 3.4. There is a deterministic algorithm, whose input is:

o an n-vertex graph G given in the adjacency-list representation;

e an integral parameter h > 0 and a parameter 1 < z < n that is

an integral power of 2;

o an h-level z-subgraph system

S = (S.B,UM, (A; Ny R}

e I\ L) forG;
o asubset Ep C E(G) of edges;
e aset Ef C V(G) x V(G) of edges that do not lie in G; and

e a parameter 1 < z’ < z that is an integral power of 2.

|Ep|-z’
z

The algorithm constructs a subset Ef, C Ep of at most
and an (h + 1)-level z’-subgraph system

S’ = (S',B/, U’ M, {Alf, Ni',Rl{}l}.l:ll ,A’,L’) for the graph G’ =
(GUEpD\ (Ep \E'D). The running time of the algorithm is O(nt+o(D).
z+|Ep|+|Ex|). The algorithm may modify the input adjacency-list rep-
resentation of G and the input representation of the h-level z-subgraph

system S for G.

edges
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We note that generally, the size of the (h + 1)-level z’-subgraph
system S’ that the algorithm from Theorem 3.4 constructs may be
quite large (specifically, the lists in L’(v) for v € A’ may be very
long), and so the algorithm may not be able to output it explicitly
within its required running time. Instead, it modifies the input h-
level z-subgraph system S in order to transform it into the (h + 1)-
level z’-subgraph system S’ for G’.

3.4 Completing the Proof of Theorem 1.1

We are now ready to complete the proof of Theorem 1.1. We denote
by r the total number of adversarial updates to the input graph
G, that may not be known to the algorithm in advance. It will be
convenient for us to assume that n = |V(G)| is an integral power
of 2. If this is not the case, then we add dummy vertices into G
until n = |V(G)| becomes an integral power of 2. Note that this
may only increase n by at most factor 2. Our algorithm works in
phases. We partition the time horizon into phases @y, ®1, 2, ..
as follows. The first phase, @y, starts immediately after the first
edge is inserted into the initially empty graph G, and lasts for
ro = min {n, r} updates, after which Phase ®; starts. For alli > 1,
we denote by m; the number of edges in graph G at the beginning
of Phase @;. If m; < n3/2, then the ith phase lasts for exactly r; = n
updates. In this case, we say that Phase ®; is of type 1. Otherwise,
the ith phase lasts for r; = m; updates, and we say that it is of type
2. For all i > 0, if the update sequence terminates before r; updates
are completed since the beginning of Phase ®;, it becomes the last
phase of the algorithm.

We present three algorithms: one for Phase &y in Lemma 3.5, one
for type-1 phases in Theorem 3.6, and one for type-2 phases in
Theorem 3.7; their proofs are deferred to the full version of the
paper. The algorithm for Phase ®p (Lemma 3.5) is quite simple
and is from first principles; it is mainly needed for the special
case where the update sequence is short. Since type-1 phases are
relatively short, the algorithm from Theorem 3.6 only uses a 1-
level z-subgraph system, with z ~ /n, that is computed once at
the beginning of the phase; after that, it uses the algorithm from
Theorem 3.2 in order to maintain a maximal matching from the
subgraph system. Lastly, the algorithm from Theorem 3.7 for type-2
phases needs to accommodate a much larger number of updates
to G. In order to do so, it uses the multi-level subgraph system
combined with the algorithm from Theorem 3.2 for maintaining a
maximal matching from the subgraph system.

The following simple lemma provides the implementation of Phase
.

LEMMA 3.5. There is a deterministic algorithm, that, given as input
an n-vertex graph G that initially contains no edges, and undergoes
an online sequence of r > 0 edge deletions and insertions, together
with an integral parameter t > 0, maintains a maximal matching in
G. The running time of the algorithm is O (r (t + &

7))
We will employ the algorithm from Lemma 3.5 for Phase ®¢ with
parameter t = nl/2. The algorithm for implementing type-1 phases
is summarized in the following theorem.
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THEOREM 3.6. There is a deterministic algorithm, that, given an n-
vertex and m-edge graph G with m < n3/2, that undergoes an online
sequence of r < n edge insertions and deletions, maintains a maximal

matching in G with total running time O (n3/2+°(1)).

The following theorem summarizes our algorithm for implementing
type-2 phases.

THEOREM 3.7. There is a deterministic algorithm, that, given an n-
vertex and m-edge graph G with m > n3/2 and n an integral power
of 2, that undergoes an online sequence of r < m edge insertions and
deletions, maintains a maximal matching in G with total running

time O (m . n1/2+°(1)).

We are now ready to complete the proof of Theorem 1.1. We start by
employing the algorithm from Lemma 3.5 with parameter t = {W]
over the course of Phase ®(. Recall that the running time of the
algorithm from Lemma 3.5 is bounded by:

If @ is the only phase (that is, the number of adversarial updates is
r < n), then the amortized update time of the algorithm is bounded
by O(n'/?), as required. Assume now that r > n. Let q denote
the index of the last phase. For all 1 < i < g, let 7; be the time
when Phase ®; starts, and recall that m; is the number of edges
in graph G at time 7;. Recall also that r; is the number of updates
that G undergoes during Phase ®;. If m; < n3/2 (that is, ®; is a
type-1 phase), then we use the algorithm from Theorem 3.6 with
the initial graph G(7) and the updates that G undergoes during
Phase ®;, to maintain a maximal matching in G during the phase
®;. Recall that, if i < g, then r; = n, and the running time of the al-

gorithm from Theorem 3.6 is O (n3/2+°(1)) <0 (ri . n1/2+°(1)).

If m; > n3/2

rithm from Theorem 3.7 with the initial graph G(7) and the up-
dates that G undergoes during Phase ®;, to maintain a maximal
matching in G during the phase ®;. Recall that, if i < ¢, then
ri = m;, and the running time of the algorithm from Theorem 3.7 is

(@) (mi . n1/2+°(1)) <0 (ri . n1/2+"(1)). If the last phase is of type 1,

(so @; is a type-2 phase), then we use the algo-

1/2+"(1)), since we

then its running time is O (n3/2+0(1)) <0 (r -n
assumed that r > n. Otherwise, the running time of the last phase
is O (mq . n1/2+°(1)) <0 (r . pl/2+o(1) , since r > mg must hold,
as the initial graph G contained no edges. Overall, the total running
time of the algorithm is bounded by:

q-1
. p1/2+0(1) . n1/2+0(1) . p1/2+0(1)
O(r ni/éto )+;O(rl nt/eto )SO(r nt/eto )
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